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Abstract

Bayesian computation of high dimensional linear regression models with popular

Gaussian scale mixture prior distributions using Markov Chain Monte Carlo (MCMC)

or its variants can be extremely slow or completely prohibitive due to the heavy com-

putational cost that grows in the order of p3, with p as the number of predictors.

Although a few recently developed algorithms make the computation efficient in pres-

ence of a small to moderately large sample size (with the complexity growing in the

order of n3), the computation becomes intractable when sample size n is also large.

In this article we adopt the data sketching approach to compress the n original sam-

ples by a random linear transformation to m << n samples in p dimensions, and

compute Bayesian regression with Gaussian scale mixture prior distributions with the

randomly compressed response vector and predictor matrix. Our proposed approach
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yields computational complexity growing in the cubic order of m. Another important

motivation for this compression procedure is that it anonymizes the data by revealing

little information about the original data in the course of analysis. Our detailed em-

pirical investigation with the Horseshoe prior from the class of Gaussian scale mixture

priors shows closely similar inference and a massive reduction in per iteration compu-

tation time of the proposed approach compared to the regression with the full sample.

One notable contribution of this article is to derive posterior contraction rate for high

dimensional predictor coefficient with a general class of shrinkage priors on them un-

der data compression/sketching. In particular, we characterize the dimension of the

compressed response vector m as a function of the sample size, number of predictors

and sparsity in the regression to guarantee accurate estimation of predictor coefficients

asymptotically, even after data compression. Supplementary material contains proofs

of the theoretical results.

Keywords: Bayesian inference, Data sketching, Gaussian scale mixture priors, High dimen-

sional linear regression, Posterior convergence, Random compression matrix.

1 Introduction

Of late, due to the technological advances in a variety of disciplines, we routinely en-

counter data with a large number of predictors. In such settings, it is commonly of interest

to consider the high dimensional linear regression model

y = x′β + ε, (1)

where x is a p×1 predictor vector, β is the corresponding p×1 coefficient, y is the continuous

response and ε is the idiosyncratic error following i.i.d. N(0, σ2). Bayesian methods for

estimating β broadly employ two classes of prior distributions. The traditional approach is

to develop a discrete mixture of prior distributions (George and McCulloch, 1997; Scott and

Berger, 2010). These methods enjoy the advantage of inducing exact sparsity for a subset
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of parameters (allowing some components of β to be exactly zero a posteriori) and minimax

rate of posterior contraction (Castillo et al., 2015) in high dimensional regression, but face

computational challenges when the number of predictors is even moderately large. As an

alternative to this approach, continuous shrinkage priors (Bhadra et al., 2019; Armagan

et al., 2013; Carvalho et al., 2010; Caron and Doucet, 2008) have emerged, which can mostly

be expressed as global-local scale mixtures of Gaussians (Polson and Scott, 2010) given by,

βj|λj, τ, σ ∼ N(0, σ2τ 2λ2j), λj ∼ g1, for j = 1, ..., p

τ ∼ g2, σ ∼ f, (2)

where τ is known as the global shrinkage parameter and λj’s are known as the local shrinkage

parameters, g1, g2 and f are densities supported on R+. The prior structure (2) induces

approximate sparsity in βj by shrinking the null components toward zero while retaining

the true signals (Polson and Scott, 2010). The global parameter τ controls the number of

signals, while the local parameters λj dictate whether they are nulls. In this sense, the prior

(2) approximates the properties of point-mass mixture priors (George and McCulloch, 1997;

Scott and Berger, 2010).

Global-local priors allow parameters to be updated in blocks via a fairly automatic Gibbs

sampler that leads to rapid mixing and convergence of the resulting Markov chain. In

particular, letting X be the n × p predictor matrix, y be the n × 1 response vector and

∆ = τ 2diag(λ1, ..., λp), the distribution of β = (β1, ..., βp)
′ conditional on λ = (λ1, ..., λp)

′, τ ,

σ, y and X follows N((X ′X + ∆−1)−1X ′y, σ2(X ′X + ∆−1)−1), and can be updated in a

block. On the other hand, λj’s are conditionally independent and allow fairly straightforward

updating using either Gibbs sampling or slice sampling. The posterior draws from β,λ, τ, σ

are found to offer an accurate approximation to the operating characteristics of discrete

mixture priors. However, sampling from the full conditional posterior of β require storing and

computing the Cholesky decomposition of the p× p matrix (X ′X + ∆−1), that necessitates
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p3 floating point operations (flops) and p2 storage units, which can be severely prohibitive

for large p. Recent work in high dimensional regressions involving small n and large p

(Bhattacharya et al., 2016) exploits the Woodbury matrix identity to draw from the full

conditional posterior distribution of β by inverting only an n× n matrix. When n is large,

this algorithm is embedded within an approximate MCMC sampling framework of Johndrow

et al. (2020) to facilitate fast computation.

Following the literature on data sketching, we propose to compress the response vector

and predictor matrix by a random linear transformation, reducing the number of records

from n to m, while preserving the number and interpretation of original predictors. The

compressed version of the original dataset, referred to as a sketch, then serves as a surrogate

for a high dimensional regression analysis with a suitable Gaussian scale mixture prior on

the predictor coefficients. Since the number of compressed records m is much smaller than

the sample size n, it is possible to adapt existing algorithms on the compressed data for

efficient estimation of posterior distribution for predictor coefficients with large number of

predictors and large sample. On the theoretical front, we assume that the shrinkage priors of

our interest have densities with a dominating peak around 0 and flat, heavy tails, and have

sufficient mass around the true regression coefficients. We then identify conditions on the

predictor matrix, the interlink between the dimensions of the random compression matrix,

sample size, sparsity of the true regression coefficient vector and the number of predictors

to prove optimal convergence rate of estimating the predictor coefficients asymptotically

under data compression. Our empirical investigation ensures that the relevant predictors

can be accurately learnt from the compressed data. Moreover, in presence of a higher degree

of sparsity in the true regression model, the actual estimates of regression coefficients and

predictions turn out to be very close to the corresponding quantities, when the uncompressed

data are used. Another attractive predictor of this approach is that the original data are

not recoverable from the compressed data, and the compressed data effectively reveal no

more information than would be revealed by a completely new sample. In fact, the original
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uncompressed data does not need to be stored in the course of the analysis. While the core

idea behind the development apply broadly to the class of global-local priors (2), for sake

of concreteness our detailed empirical investigation focuses on the popular horseshoe prior

(Carvalho et al., 2010) which corresponds to both g1 and g2 in (2) being the half-Cauchy

distribution. The horseshoe achieves the minimax adaptive rate of contraction when the

true β is sparse (Van Der Pas et al., 2014; Van der Pas et al., 2017) and is considered to be

among the state-of-the-art shrinkage priors.

In this context, it is worth mentioning the contribution of this article in light of the

relevant literature of data sketching, where the computational task is relaxed by generating

a compressed version of the original dataset which then serves as a surrogate for calcula-

tions. Sketching has become an increasingly popular research topic in the machine learning

literature in the last decade or so, see Vempala (2005); Sarlos (2006); Halko et al. (2011);

Mahoney (2011); Woodruff (2014) and references therein. Sketching has been extensively

studied in the context of ridge regression, referred to as the sketched ridge regression, to iden-

tify the theoretical conditions to ensure accurate estimation of ridge regression coefficients

from sketched data (Zhang et al., 2013; Chen et al., 2015; Wang et al., 2017). Similarly,

Zhou et al. (2008) showed that identifying the correct sparse set of relevant variables by

the lasso are as effective under data sketching. Dobriban and Liu (2018) studied sketch-

ing using asymptotic random matrix theory, but only for un-regularized linear regression.

Chowdhury et al. (2018) proposed a data-dependent algorithm in the context of estimating

ridge leverage scores. Other related works include Ailon and Chazelle (2006); Drineas et al.

(2011); Raskutti and Mahoney (2016); Ahfock et al. (2017); Huang (2018). To the best of

our knowledge, we are the first to offer efficient and principled Bayesian computation algo-

rithm in high dimensional linear regressions involving large n and p using data sketching.

Moreover, to the best of our knowledge, the theoretical result on the posterior convergence

rate of regression parameters under data sketching has not been established before.

While bearing some similarities, our current contribution differs from compressed sens-
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ing (Donoho, 2006; Candes and Tao, 2006; Eldar and Kutyniok, 2012; Yuan, 2016) in the

inferential objectives. Specifically, compressed sensing solves an inverse problem by “nearly”

recovering a sparse vector of responses from a smaller set of random linear transformations.

In contrast, our response vector y and predictor matrix X are not necessarily sparse. Also,

we do not seek to (approximately) recover y and X from their compressed counterparts, so

our method is applicable to situations where preserving confidentiality of the response (and

predictors) is important. Our approach is fundamentally different from Maillard and Munos

(2009); Guhaniyogi and Dunson (2015, 2016) in that they compress each predictor vector,

leading to an m-dimensional compressed predictors from p-dimensional predictors for each

sample. In contrast, our compression framework does not alter the number of predictors in

the analysis before and after compression.

The rest of the article proceeds as follows. Section 2 details out the proposed model

and algorithm for efficient estimation of predictor coefficients in presence of large n and p.

Section 3 offers theoretical insights into the choice of m as a function of the true sparsity,

number of predictors and sample size n to obtain accurate estimation of predictor coefficients

asymptotically. Section 4 empirically investigates parametric and predictive inferences from

the proposed approach with the horseshoe shrinkage prior under various simulation cases.

The proposed method is illustrated with the orthopedic fractures data in Section 5, followed

by the concluding remarks in Section 6. The supplementary material contains proofs of the

theoretical results.

2 Sketching Response Vector and Predictor Matrix for

Large n

For subjects i = 1, ..., n, let yi ∈ Y denote the response for subject i corresponding to

the predictor xi ∈ Rp. This article focuses on the scenario where n and p both large. Let

y = (y1, ..., yn)′ be the n× 1 vector of responses and X = [x1 : · · · : xp]′ be the n× p matrix

of predictors. As a first step to our proposal, we consider a sketching or data compression
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approach by pre-multiplying y and X with a sketching matrix Φ of dimensions m× n with

m << n to construct data sketches ỹ = Φy and X̃ = ΦX of dimensions m × 1 and

m× p, respectively. The sketched/compressed response vector is related to the compressed

predictor matrix according to the high dimensional linear regression model

ỹ = X̃β + ε, ε ∼ N(0, σ2I), (3)

where σ2 is the idiosyncratic error variance. We do not estimate Φ as a variable in the

regression, rather follow the idea of data oblivious sketches to construct Φ prior to fitting

the model (3). More specifically, following the idea of Gaussian sketching (Sarlos, 2006), the

elements Φij of the Φ matrix are drawn independently from N(0, 1/n). The computational

complexity of obtaining the sketched data using Gaussian sketches is given by O(mnp).

While there are more computationally efficient data oblivious options for random projec-

tion/sketching matrix Φ, such as the Hadamard sketch (Ailon and Chazelle, 2009) and the

Clarkson-Woodruff sketch (Clarkson and Woodruff, 2017), we find it to be less concerning

in our framework since the computation time for fitting (3) using a Bayesian architecture far

exceeds the difference in time for computing sketched data with different options of sketching

matrices.

The data compression approach implemented here is a special case of the matrix masking

technique proposed in the earlier literature on data privacy (Ting et al., 2008; Zhou et al.,

2008; Zhao and Chen, 2019), which, although popular in machine learning, has not been

given any attention in high dimensional regression, especially from a Bayesian perspective.

A typical matrix masking procedure pre- and post-multiplies the data matrix X by matrices

C and D, respectively, and releases CXD for the ensuing analysis. The transformation is

quite general, and allows the possibility of deleting records, suppressing subsets of variables

and data swapping. Our proposal in this article corresponds to C = Φ and D as the identity

matrix so as to keep the original interpretation of the predictors. Notably, even in the case
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of Φ being known, the linear system ΦX is grossly under-determined to recover X due to

m << min(n, p). Moreover, an upper bound of the average mutual information I(X̃,X)/np

per unit in the original data matrix X satisfies Sup I(X̃,X)/np = O(m/n) (Zhou et al.,

2008), where supremum is taken over all possible distributions of X. With m growing at

a much slower rate than n, asymptotically as n → ∞, the supremum over average mutual

information converges to 0, intuitively meaning that the compressed data reveal no more

information about the original data than could be obtained from an independent sample.

It is be noted that such a bound is obtained assuming that Φ is known. In practice, only

X̃ = ΦX (and not even Φ) is revealed to the analyst. Hence, the imposed masking of data

through compression is more strict than what is revealed by this result.

Although not apparent, the ordinary high dimensional regression model in (1) bears a

close connection with its computationally convenient alternative (3), especially for large n.

To elaborate on it, note that pre-multiplying the high dimensional linear regression equation

y = Xβ + ε by Φ results in

Φy = ΦXβ + ε̃, ε̃ ∼ N(0, σ2ΦΦ′). (4)

Equations (4) and (3) are similar in the mean function but differ in the error distribution.

More specifically, our approach assumes components of the error vector ε are i.i.d., whereas

the error vector from (4) follows a N(0, σ2ΦΦ′) distribution. Invoking Lemma 5.36 and

Remark 5.40 of Vershynin (2010) guarantee that (A) ||ΦΦ′ − Im||2 → 0, with probability

converging to 1; and (B) all eigenvalues of ΦΦ′ converges to 1, as m → ∞, m/n → 0,

when Φ is constructed using the Gaussian sketching strategy. Hence, with large n, the error

distributions of (3) and (4) behave similarly with a probability close to 1. It is important

to note that the Φ-transformed model (4) does not provide the computational advantage we

offer using our framework, as discussed later. Besides, computing the Φ-transformed model

requires the supplying the analyst with Φ which hurts the purpose of data masking.
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With prior distribution on β set as a Gaussian scale-mixture distribution from the class of

distributions given by (2), posterior computation using a blocked Metropolis-within-Gibbs al-

gorithm cycles through updating the full conditional distributions: (a) β|λ, σ, τ , (b) λ|β, σ, τ ,

(c) σ|λ,β, τ and (d) τ |λ,β, σ. Explicit expressions for (a), (b), (c) and (d) for the horseshoe

shrinkage priors can be found in (Carvalho et al., 2010). While updating (b), (c) and (d) do

not face any computational challenge due to big n or p, full conditional posterior updating

of β|λ, σ, τ has the form given by

N

((
X̃
′
X̃ + ∆−1

)−1
X̃
′
ỹ, σ2(X̃

′
X̃ + ∆−1)−1

)
, ∆ = τ 2diag(λ1, ..., λp). (5)

The most efficient algorithm to sample from β (Rue, 2001) computes Cholesky decomposition

of
(
X̃
′
X̃ + ∆−1

)
and employs the Cholesky factor to solve a series of linear systems to draw

a sample from (5). In absence of any easily exploitable structure, computing and storing the

Cholesky factor of this matrix involvesO(p3) andO(p2) floating point operations, respectively

(Golub and Van Loan, 2012), which leads to computational and storage bottlenecks with a

large p. To overcome the computational and storage burden, we adapt the recent algorithm

proposed in the context of uncompressed data with small sample size (Bhattacharya et al.,

2016) to our setting. The detailed steps are given as follows:

Step 1: Draw v1 ∼ N(0, σ2∆) and v2 ∼ N(0, Im).

Step 2: Set v3 = X̃v1/σ + v2.

Step 3: Solve (X̃∆X̃
′
+ Im)v4 = (ỹ/σ − v3).

Step 4: Set v5 = v1 + σ∆X̃
′
v4.

v5 is a draw from the full conditional posterior distribution of β. Notably, the computational

complexity of Steps 1-4 is dominated by two operations: (Operation A) computing the

inverse of (ΦX∆X ′Φ′ + Im), and (Operation B) calculating ΦX∆X ′Φ′. (Operation A)

leads to a complexity of O(m3), whereas (Operation B) incurs complexity of O(m2p). As we
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demonstrate in Section 4, the algorithm offers massive speed-up in computation with big p

and n, since m << min(n, p). Notably, an application of Bhattacharya et al. (2016) on the

uncompressed data would have incurred computational complexity dominated by O(n3) and

O(n2p). Thus, our compression approach helps speeding up computation in our empirical

investigations with big n and p.

One important question arises as to how much inference is lost in lieu of the computational

speed-up achieved by the data compression approach. In the sequel, we address this question

both theoretically and empirically. Section 3 derives theoretical conditions on m, n, p and

the sparsity of the true data generating model to show asymptotically desirable estimation

of predictor coefficients. Thereafter, finite sample performance of the proposed approach is

presented both in the simulation study and in the real data section.

3 Posterior Concentration Properties of the Sketching

Approach

This section studies convergence properties of the data sketching approach with high

dimensional shrinkage prior on predictor coefficients. In particular, we will establish the

posterior contraction rate of estimating the predictor coefficient vector for the proposed

model (3) under mild regularity conditions. To begin with, we define a few notations.

3.1 Notations

In what follows, we add a subscript n to the dimension of the number of predictors pn

and the dimension of the compression matrix mn to indicate that both of them increase

with the sample size n. This asymptotic paradigm is also meant to capture the fact that

the number of rows of the sketching matrix mn is smaller than the sample size n. Naturally,

the response vector y, predictor matrix X, predictor coefficient vector β and the sketching

matrix Φ are also functions of n. We denote them by yn, Xn, βn and Φn, respectively.

Note that the true data generating model under data sketching is given by (4). We use
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superscript ∗ to indicate the true parameters β∗n and σ∗2. For simplicity in the algebraic

manipulation, we assume that σ2 = σ∗2 are both known and fixed at 1. This is a common

assumption in asymptotic studies (Vaart and Zanten, 2011). Furthermore, it is known that

the theoretical results obtained by assuming σ2 as a fixed value is equivalent to those obtained

by assigning a prior with a bounded support on σ2 (Van der Vaart and van Zanten, 2009).

Pβ∗n denotes probability distribution under the true data generating model (4). For vectors,

we let || · ||1, || · ||2 and || · ||∞ denote the L1, L2 and L∞ norms, respectively. The number

of nonzero elements in a vector is given by || · ||0. The quantities emin(A) and emax(A)

respectively represent the minimum and maximum eigenvalues of a square matrix A. We

use {θn} to denote the Bayesian posterior contraction rate which satisfies θn → 0. Finally,

for two sequences {an}n≥1 and {bn}n≥1, an = o(bn) and an = O(bn) imply an/bn → 0 and

an/bn → C (C is a constant), respectively, as n→∞.

3.2 Assumptions, Framework and The Main Result

For any subset of indices ξ ⊂ {1, ..., pn}, |ξ| denotes the number of elements in the index

set ξ. Depending on whether A is a vector or a matrix, Aξ denotes the sub-vector or the

sub-matrix corresponding to the indices ξ. We let ξ∗ = {j : β∗j,n 6= 0}, i.e., ξ∗ are the

indices of the nonzero entries for the true predictor coefficient β∗n, and sn (dependent on n)

designates the number of nonzero entries in β∗n, i.e., sn = ||β∗n||0 = |ξ∗|. Since the shrinkage

prior on βn assigns zero probability at the point zero, the exact number of nonzero elements

of βn is always pn. Before rigorously studying properties of the posterior distribution, we

state some regularity conditions on the design matrix Xn, the compression matrix Φn and

the true sparsity sn.

(A) All covariates are uniformly bounded, let |xi,j| ≤ 1, for all i = 1, ..., n and j = 1, .., pn.

(B) ||ΦnΦ
′
n − Imn||2 ≤ C ′

√
mn/n, for some constant C ′ > 0, for all large n.

(C) sn log(pn) = o(mn), mn = o(n).
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(D) There exists s̃n > 0 such that emin(X ′n,ξXn,ξ/n) ≥ η, for some η > 0 and for all ξ ⊃ ξ∗

and |ξ| ≤ s̃n + sn, where s̃n satisfies s̃n = O(sn). Here Xn,ξ is the sub-matrix of Xn

with column indices ξ.

(A) is a common assumption in the context of compressed sensing, see Zhou et al. (2008).

From the theory of random matrices, (B) occurs with probability at least 1 − e−C′′mn (see

Lemma 5.36 and Remark 5.40 of Vershynin (2010)). Hence (B) is a mild assumption for

large n. (C) restricts the growth of the true sparsity and presents an interlink between the

true sparsity, the rank of the random matrix, number of predictor coefficients and the sample

size. (D) puts restriction on the smallest eigenvalue of the matrix X̃
′
n,ξX̃n,ξ/mn. Notably,

Gaussian sketching approximately preserves the isometry condition (Ahfock et al., 2017),

so that ∃ η0 > 0 with the property that emin(X̃
′
n,ξX̃n,ξ/mn) ≥ η0emin(X ′n,ξXn,ξ/n) with

probability fn depending on mn and pn . This fact, together with assumption A1(3) in Song

and Liang (2017) ensure assumption (D) to hold with a positive probability. Our next set of

assumptions concern the tail behavior of the shrinkage priors of interest and the magnitude

of the nonzero entries of the true coefficient β∗n. Let hµn(x) denote the prior density of

βj,n for all j with the set of hyper-parameters µn. For an =
√
sn log(pn)/mn/pn and for a

sequence Mn nondecreasing as a function of n, we assume

(E) max
j∈ξ∗
|β∗j,n| < Mn/2.

(F) 1−
∫ an
−an hµn(x)dx ≤ p

−(1+u)
n , for some positive constant u.

(G) − log( inf
x∈[−Mn,Mn]

hµn(x)) = O(log(pn)).

Assumption (E) restricts the growth of the nonzero entries in the true regression parameter

asymptotically. Assumption (F) concerns the prior concentration, requiring that the prior

density of βj,n for all j has sufficient mass within the interval [−an, an]. Finally, Assumption

(G) essentially controls the prior density around the true predictor coefficient. Notably, As-

sumptions (E)-(G) are frequently used in the high dimensional Bayesian regression literature,

including in Jiang (2007) and Song and Liang (2017).
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Define An = {βn : ||βn − β∗n||2 > 3θn}, Bn = {At least s̃n number of |βk,n| ≥ an}, with

s̃n = O(sn), Cn = An ∪ Bn. Since the shrinkage prior assigns zero probability at point

zero, the number of nonzero elements of βn is pn. Thus, the number of nonzero components

of βn is assessed by considering the number of βk,n’s which exceeds a certain threshold

an. Therefore, Bn can be viewed as a set that indicates the number of nonzero predictor

coefficients. Further suppose πn(·) and Πn(·) are the prior and posterior densities of βn with

n observations respectively, so that

πn(βn) =

pn∏
j=1

hµn(βj,n), Πn(Cn) =

∫
Cn f(ỹn|βn)πn(βn)∫
f(ỹn|βn)πn(βn)

,

where f(ỹn|βn) is the joint density of ỹn = Φnyn under model (3). The following theorem

shows posterior contraction for the proposed model, with the proof of the theorem given in

the supplementary material.

Theorem 3.1 Under Assumptions (A)-(G), our proposed model satisfies Eβ∗n(Πn(Cn))→ 0,

as n,mn → ∞ and mn/n → 0 with the posterior contraction rate θn = E
√
sn log(pn)/mn,

for some constant E > 0.

The general result on posterior contraction in Theorem 3.1 is applied to provide posterior

contraction result for the proposed data sketching approach with a class of Gaussian scale

mixture prior distributions on βj,n. Indeed we assume that the prior density hµn with hyper-

parameter µn of each βj,n is symmetric around 0 and has a polynomial tail, i.e., hµn(x) ∼ x−r

when |x| is large, for some r > 1. Notably prior densities for both the horseshoe shrinkage

prior (Carvalho et al., 2010) and the generalized double pareto shrinkage prior (Armagan

et al., 2013) have polynomial tails. Theorem 3.1 can be adapted in such a setting to arrive

at the following result. The proof of the result can be found in the supplementary material.

Theorem 3.2 Let the predictor matrix Xn, random compression matrix Φn and the true

predictor coefficients β∗n satisfy Assumptions (A)-(G). Let the prior density with hyper-

parameter µn, given by hµn(x) = h(x/µn), has a polynomial tail, i.e., hµn(x) ∼ x−r when |x|
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is large, for some r > 1. Further assume that log(Mn) = O(log pn), an =
√
sn log(pn)/mn/pn,

µn ≤ anp
−(u′+1)/(r−1)
n and log(µn) = O(log(pn)), for some u′ > 0. Then the posterior con-

traction rate θn can be taken as E
√
sn log(pn)/mn,for some constant E > 0.

Note that the minimax optimal posterior contraction rate without data sketching is given by√
sn log(pn)/n which is ρn =

√
n/mn times faster that the posterior contraction rate with

data sketching. In fact, ρn throws light on the connection between the theoretical perfor-

mance of (3) with the choice of mn. In particular, choice of mn = O(n/ log(n)) maintains

minimax optimal posterior contraction rate upto a log(n) factor even with data sketching,

when the true number of nonzero coefficients sn is small not to violate Assumption (C).

The next section empirically studies the performance of data sketching in high dimensional

regressions with various other competitors. Special emphasis is given to investigate the dis-

crepancy in the inference on βn from the full data and the sketched data to carefully assess

the impact of sketching.

4 Simulation Studies

This section investigates performance of the data sketching approach (3) with the horse-

shoe shrinkage prior (Carvalho et al., 2010) on each of the predictor coefficients βj, referred

to as the Compressed Horseshoe (CHS). While the idea of data sketching sufficiently general

which allows application to any shrinkage prior, we choose Horseshoe as a state-of-the-art

representative shrinkage prior to illustrate our approach. Broadly, we implement and present

two different sets of simulations. In Simulation 1, we focus on data simulated from (1)

with n = 1000 and p = 10000, where both models (1) with uncompressed data and (3) with

sketched data can be fitted to analyze the difference in their posterior distributions of β

for different choices of m and different degrees of sparsity. These simulation examples also

highlight the relative computational efficiency of (3) with respect to (1). Simulation 2 is

then designed with a larger sample size n = 5000 and p = 10000 which render infeasibility

in fitting the model (1) with the uncompressed data based on our available computational
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resources. Thus the purpose for Simulation 2 is to assess the frequentist operating charac-

teristics of CHS along with relevant frequentist competitors.

4.1 Simulation 1: Comparison between the performances of CHS

and HS for moderate n and large p

In Simulation 1, we draw n = 1000 samples from the high dimensional linear regression

model (1) with the number of predictors p = 10000 and the error variance σ2 = 1.5. The

p-dimensional predictor vectors xi for each i = 1, ..., n are simulated from N(0,Σ), with two

different constructions of Σ undertaken in simulation studies.

Scenario 1: Σ = Ip, i.e., all predictors are simulated i.i.d. We refer to this as the independent

correlation structure for the predictors.

Scenario 2: Σ = 0.5Ip + 0.5Jp, where Jp is a matrix with 1 at each entry. This structure

ensures that any pair of predictors have the same correlation of 0.5. We refer to this as the

compound correlation structure for the predictors.

Under Scenarios 1 and 2, the p-dimensional true predictor coefficient vector is simulated

with the number of nonzero entries: (a) s = 10; (b) s = 30 and (c) s = 50. The quantity

(1−s/p) is referred to as the true sparsity of the model. The magnitude of s nonzero entries

are simulated randomly from a U(1.5, 3) distribution with the sign of each entry randomly

assigned to be positive or negative.

According to Theorem 3.2 and the discussion following it, the choice of m = n/ log(n) ≈

150 should be sufficient to offer satisfactory inference when true sparsity is high. To compare

the effect of data sketching on the estimation of posterior distribution of β, we implement (1)

(with the uncompressed data) and (3) with different choices of m = 100, 200, 300, 400, 500.

The full/uncompressed data posterior distribution obtained using MCMC serves as the

benchmark in our assessment of the performance of (3). Let π(βj|y,X) be the density

of the full data posterior distribution for βj estimated using sampling and πm(βj|ỹ, X̃) be

the density of posterior distribution for βj estimated using (3) with the compressed data,
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where the subscript m denotes the dimension of the sketching matrix Φ to compute ỹ and

X̃. We used the following metric based on the Hellinger distance to compare the accuracy

of πm(βj|ỹ, X̃) in approximating π(βj|y,X)

Accuracyj,m = 1− 1

2

∫
β

(√
πm(βj|ỹ, X̃)−

√
π(βj|y,X)

)2

dβj. (6)

The metric Accuracyj,m satisfies 0 ≤ Accuracyj,m ≤ 1. The approximation of full data

posterior density π(βj|y,X) by πm(βj|ỹ, X̃) is poor or excellent if the accuracy metric is

close to 0 or 1, respectively. We present Accuracyj,m averaged over all predictors, given by

Accuracym = 1
p

∑p
j=1 Accuracyj,m.

Simulation 1 also highlights the computational efficiency offered by the data sketching

approach. Let ESSm be the average effective sample size of β (out of 5000 post burn-

in iterates) from (3) with rank(Φ) = m, that runs for Tm hours. We will measure the

computational efficiency of our proposed approach for a specific choice of m as

Computational Efficiencym = log2ESSm/Tm, (7)

where ESSm over p predictor coefficients are computed using the coda package in R. Compu-

tational efficiency of the full posterior will also be reported to provide a relative assessment.

All simulations are replicated 50 times.

4.1.1 Results

Table 1 presents the Accuracy metric averaged over all predictors and all replications.

The results show excellent performance of πm(β|ỹ, X̃) in approximating π(β|y,X) for all

cases except when both the sparsity and rank of the random compression matrix are both

low. This empirical observation is also supported by Theorem 3.1 which requires the de-

gree of sparsity to grow at a much slower rate than the rank of the random compression

matrix. Understandably, as m increases the accuracy becomes close to 1, with the accuracy
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being little impacted when the sparsity is very low. No notable difference is observed in the

performance when predictors are correlated vis-a-vis when predictors are simulated indepen-

dently. Since the sample size is moderate, we do not expect to see a lots of gain in terms

Scenario 1 Scenario 2
s = 10 s = 30 s = 50 s = 10 s = 30 s = 50

Avg. Accuracy

m = 100 0.88 0.79 0.64 0.88 0.81 0.66
m = 200 0.94 0.87 0.76 0.92 0.84 0.73
m = 300 0.98 0.96 0.93 0.99 0.96 0.94
m = 400 0.98 0.98 0.94 0.98 0.98 0.94
m = 500 0.98 0.98 0.95 0.99 0.98 0.95

Comp. Efficiency

m = 100 2.83 2.81 2.81 2.86 2.81 2.83
m = 200 2.01 2.03 2.03 2.02 2.04 2.03
m = 300 1.28 1.30 1.30 1.32 1.31 1.32
m = 400 1.03 1.02 1.06 1.03 1.02 1.05
m = 500 0.85 0.86 0.86 0.86 0.87 0.84
HS 0.32 0.31 0.31 0.31 0.32 0.32

Table 1: The first five rows present metric to estimate accuracy of estimating full posterior
of β by the posterior of β with compressed data, as described in (6). We present the
metric averaged over all predictors and all replications. The metric is presented for different
choices of m = 100, 200, 300, 400, 500 and different degrees of sparsity for the true coefficient
β∗. The upper bound of the accuracy measure is 1 and a higher value represents more
accuracy. We also present computational efficiency of CHS, as described in (7), for different
choices of m and for different degrees of sparsity under the two different simulation scenarios.
Computational efficiency of the posterior distribution of β with the uncompressed data
(referred to as the HS) has also been presented.

of computational efficiency of CHS over HS. CHS with m = 100 appears to be around ∼ 10

times computationally more efficient than HS. The computational efficiency decreases as we

increase the rank of the compression matrix. The computational efficiency seems to be not

severely affected by the degree of sparsity or the correlation in the predictors.

4.2 Simulation 2: Comparison between CHS and its frequentist

competitors with larger sample size

Simulation 2 is designed to assess performance of the proposed framework for a large p,

large n setting. We follow the identical data generation scheme as Simulation 1 with a

larger sample size n = 5000 to construct simulated data. The large values of p and n prohibit
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Bayesian model fitting of (1) using the horseshoe prior using our available computational

resources. Hence, we focus on investigating frequentist operating characteristics of CHS along

with its frequentist competitors in high dimensional regression. As a frequentist competitor

to CHS, we implement the minimax concave penalty (MCP) method (Zhang, 2010) on the

full data. Additionally, we fit MCP on randomly chosen m data points from the sample of size

n, and refer to this competitor as Partial MCP (PMCP). The MCP on full data provides

a benchmark for comparison with a frequentist penalized optimizer in high dimensional

regression with big n and p. While MCP with the full data is likely to perform better

than CHS with the compressed data, the discrepancy in performance of CHS and MCP

can be seen as an indicator of loss of inference due to data sketching. On the other hand,

comparison of CHS with PMCP demonstrates the inferential advantage of fitting a principled

Bayesian approach with sketching that uses information from the entire sample over fitting

of a frequentist penalization scheme with naive sub-sampling of m out of n data points.

Although the remaining section presents excellent performance of the sketching approach

with the horseshoe prior on βj’s, we expect similar performance from other Gaussian scale

mixture prior distributions, such as the Generalized Double Pareto (Armagan et al., 2013)

prior or the normal gamma prior (Griffin et al., 2010).

According to Theorem 3.2, choice of m = n/ log(n) ≈ 500 should lead to satisfactory

estimation of the regression coefficients. However, to assess how the true sparsity (1− s/p)

and the rank m of the random compression matrix interplay, we fit CHS with m = 200 and

m = 400 in both simulation scenarios under the three different sparsity levels corresponding

to (a), (b) and (c). For MCMC-based model implementation of CHS, we discard the first

5000 samples as burn-in and draw inference based on the 5000 post burn-in samples. Both

MCP and PMCP are fitted with the R package ncvreg with tuning parameters chosen using

a 10-fold cross validation.

The inferential performances of the competitors are compared based on the overall mean

squared error (MSE) of estimating the true predictor coefficient vector β∗ and the mean
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squared error of estimating the truly nonzero predictor coefficient vector β∗nz (referred to as

the MSEnz). These metrics are given by

MSE = ||β̂ − β∗||22/p, MSEnz = ||β̂nz − β∗nz||22/s, (8)

where β̂ and β̂nz is a point estimate for β and βnz, respectively. For CHS, the point estimate

is taken to be the posterior mean. Uncertainty of estimating β from CHS is characterized

through coverage and length of 95% credible intervals averaged over all βj’s, j = 1, ..., p.

Additionally, we report the coverage and length of 95% credible intervals averaged over truly

nonzero βj’s. Since model fitting in (3) is performed with data sketches, it is not possible

to draw predictive inference directly. Hence, the quantity ||Xβ̂ − Xβ∗||22/n is reported

to provide a rough assessment of the predictive inference from CHS. This quantity is also

computed and presented for other competitors. All results presented are averaged over 50

replications.

4.2.1 Results

Figures 1 and 2 present the boxplots for MSE and MSEnz for all competitors under

the three different sparsity levels in Scenarios 1 and 2, respectively. Understandably, MCP

applied on the full data is the best performer in all simulation cases. With small to moderate

value of the ratio s/m, CHS significantly outperforms PMCP, both in terms of MSE and

MSEnz. This becomes evident by comparing the performances of CHS and PMCP for m =

400 under all three cases (a)-(c) and for the case m = 200, s = 10. In fact when s/m is

small, CHS is also found to offer competitive performance with MCP (refer to the results

under m = 400). This observation is consistent with our findings in Section 4.1.1, where

small values of s/m shows little discrepancy between the full posterior of β and posterior of β

under data compression. As sparsity decreases and s/m becomes higher, the performance gap

between CHS and PMCP narrows. This is evident from both Figures 1 and 2, corresponding

to the case with s = 30, 50 and m = 200. Consistent with the point estimation of β, Table 2
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shows notable advantage of CHS over PMCP in terms of predictive inference, especially with

smaller s/m. MCP on the full data is naturally found to be the superior performer among

the three. We observe a similar trend in the performance, both under Scenario 1 and 2.

While accurate point estimation of β∗ is one of our primary objectives, characterizing

uncertainty is of paramount importance given the recent developments in the frequentist lit-

erature on characterizing uncertainty in high dimensional regression (Javanmard and Monta-

nari, 2014; Van de Geer et al., 2014; Zhang and Zhang, 2014). Although Bayesian procedures

provide an automatic characterization of uncertainty, the resulting credible intervals may not

possess the correct frequentist coverage in nonparametric/high-dimensional problems (Szabó

et al., 2015). To this end, an attractive adaptive property of the shrinkage priors, including

horseshoe, is that the length of the intervals automatically adapt between the signal and

noise variables, maintaining close to nominal coverage. It is important to see if this property

is preserved under data sketching when the horseshoe prior is set on each component of β.

Table 3 shows that under m = 400, 95% credible intervals (CI) of all nonzero coefficients

offer closely nominal coverage. While it is also true for m = 200 and s = 10, the coverage

for nonzero coefficients tend to deteriorate as s/m increases. Comparing the average length

of 95% CIs for all coefficients with the average length of 95% CIs of nonzero coefficients,

we observe that the posterior yields much narrower CIs for coefficients corresponding to the

noise predictors. As demonstrated in some of the recent literature (Bhattacharya et al.,

2016), the frequentist procedures of constructing confidence intervals for high dimensional

parameters (Javanmard and Montanari, 2014; Van de Geer et al., 2014; Zhang and Zhang,

2014) in MCP yield approximately equal sized intervals for the signals and noise variables.

Additionally, the tuning parameters in the frequentist procedure require substantial tuning

to arrive at satisfactory coverage for the noise (though at the cost of under-covering the

signals), while our Bayesian approach is naturally auto-tuned.
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Figure 1: First and third row present mean squared error (MSE) of estimating the true
predictor coefficient vector β∗ by a point estimate of β from CHS, PMCP and MCP for m =
200 and m = 400, respectively. Second and fourth row present mean squared error (MSE)
of estimating the true nonzero coefficients in β∗ by a point estimate of the corresponding
coefficients in β from CHS, PMCP and MCP for m = 200 and m = 400, respectively. All
figures correspond to the scenarios where the predictors are generated under the independent
correlation structure (Scenario 1). Each figure shows performance of a competitor under the
data generated with 10, 30 and 50 nonzero coefficients in β∗.
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●

●

●

0.002

0.004

0.006

0.008

10 30 50
No. of Nonzero Coefficients

M
ea

n 
S

qu
ar

ed
 E

rr
or

(j) MSE of nonzero β:
CHS, m = 400

●

0.0

0.1

0.2

0.3

0.4

10 30 50
No. of Nonzero Coefficients

M
ea

n 
S

qu
ar

ed
 E

rr
or

(k) MSE of nonzero β:
PMCP, m = 400

●

0.00100

0.00125

0.00150

0.00175

10 30 50
No. of Nonzero Coefficients

M
ea

n 
S

qu
ar

ed
 E

rr
or

(l) MSE of nonzero β:
MCP

Figure 2: First and third row presenting mean squared error (MSE) of estimating the true
predictor coefficient vector β∗ by a point estimate of β from CHS, PMCP and MCP for
m = 200 and m = 400 respectively. Second and fourth row presenting mean squared
error (MSE) of estimating the true nonzero coefficients in β∗ by a point estimate of the
corresponding coefficients in β from CHS, PMCP and MCP for m = 200 and m = 400
respectively. All figures correspond to the scenarios where the predictors are generated
under the compound correlation structure (Scenario 2). Each figure shows performance of a
competitor under the data generated with 10, 30 and 50 nonzero coefficients in β∗.
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Scenario 1, m = 200 Scenario 1, m = 400 Scenario 2, m = 200 Scenario 2, m = 400

Sparsity 10 30 50 10 30 50 10 30 50 10 30 50

CHS 0.62 46.56 205.67 0.51 0.57 0.61 0.53 39.22 196.78 0.47 0.59 0.64
PMCP 1.95 71.97 249.70 0.62 2.28 33.19 1.36 62.89 234.63 0.58 1.75 50.49
MCP 0.02 0.07 0.10 0.02 0.07 0.10 0.03 0.07 0.12 0.03 0.07 0.12

Table 2: Mean squared prediction error×103 for all the competing models under different
simulation scenarios. MSPE is computed as ||Xβ̂ −Xβ∗||2/n for all the competitors.

Scenario 1, m = 200 Scenario 1, m = 400 Scenario 2, m = 200 Scenario 2, m = 400

Sparsity 10 30 50 10 30 50 10 30 50 10 30 50

Coverage 0.99 0.99 0.98 0.99 0.99 0.98 0.99 0.99 0.98 0.99 0.99 0.98
Length 0.02 0.08 0.17 0.02 0.03 0.03 0.01 0.11 0.17 0.01 0.02 0.03

Coveragenz 0.97 0.86 0.68 0.95 0.97 0.97 0.98 0.89 0.63 0.95 0.96 0.95
Lengthnz 5.72 5.93 5.19 5.53 5.90 5.83 5.49 6.59 4.42 5.51 5.79 5.77

Table 3: Average coverage and average length of 95% credible intervals of βj for CHS under
different simulation cases. Here subscript nz is added when the average coverage and average
lengths are calculated for truly nonzero coefficients.

5 Study of Orthopedic Fractures Data

We apply our Bayesian sketching approach to a dataset from a study of orthopedic

fractures (SOF)(Cummings et al., 1995) (https://sofonline.ucsf.edu/Home/About), a

multi-center prospective cohort study funded by the National Institutes of Health to identify

factors associated with fracture risk in women over the age of 65. Beginning in 1986, the SOF

has accumulated over 20 years of data including repeated measures of bone mineral density,

hormone levels, functional assessments, and other biometric factors related to fracture risk,

osteoporosis, and aging. A primary risk factor for fracture occurrence is bone mineral density

(BMD), a numerical summary of a bone’s calcium and mineral content which can be obtained

via dual x-ray absorptiometry (Black et al., 2020). In fact, the association between BMD, a

continuous measure, and fracture occurrence, a binary event, is so strong that BMD has been

proposed as a surrogate endpoint for fracture occurrence in clinical trials to simultaneously

increase power and decrease trial enrollment. Thus, rather than model fracture occurrence

directly, our inferential goal is to identify predictors of total hip BMD (g/cm2) at Year 10

of the SOF using baseline data (including baseline total hip BMD). The dataset records
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variables for n = 4314 observations with 63 main effects and 1953 pairwise interactions

between main effects included as predictors, leading to a total of p = 2016 predictors in the

study.

Preliminary descriptive analysis of the data shows that the response is influenced only

by a few predictors, indicating a sparse regression scenario conducive to the application

of the data sketching approach. Additionally, the presence of large number of predictors

and large sample size in the data become suitable for the application of data sketching

for efficient computation. Given that the descriptive analysis shows high sparsity in the

data, Theorem 3.2 indicates a choice of m = n/ log(n) ≈ 500 should lead to satisfactory

performance of our approach. However, as in the simulation studies, we moderately perturb

values of m around 500 to assess the change in the inference of β to the choice of m.

More specifically, analysis is conducted as in the simulation studies, with CHS fitted for

m = 300, 400, 500, 600, 700, 800. We implemented MCP with the uncompressed data as the

benchmark to assess the loss in inference due to data sketching. Similar to simulation studies,

the tuning parameters in MCP are chosen based on ten-fold cross validation.

In absence of any ground truth on predictor coefficients, we evaluate point estimate

of β from CHS by comparing it with the point estimate of β obtained from MCP on the

uncompressed data. More specifically, standardized sum of squared distance between the two

point estimates, given by ||β̂ − β̂MCP ||22/||β̂MCP ||22, is computed and presented for different

values of m in Figure 3(a), where the point estimate from CHS is taken to be the posterior

mean. As per Figure 3(a), the standardized sum of squared error distance between the two

point estimates is small for m = 500 and it is close to zero for m = 800, suggesting practically

equivalent performance of Bayesian sketching with uncompressed MCP in terms of estimating

regression parameters. This is presumably due to high sparsity in the regression model which

leads to almost identical performance of Bayesian sketching approach with uncompressed

regression methods. The performance seems to improve marginally as m increases.

While the above analysis demonstrates excellent performance for estimating regression
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Table 4: Average coverage and average length of 95% predictive intervals over all hold-out
samples.

m 300 400 500 600 700 800
Coverage 0.97 0.97 0.95 0.95 0.96 0.95
Length 0.48 0.39 0.23 0.21 0.17 0.17

coefficients by the data sketching approach, it is instructive to compare this approach with

the uncompressed MCP based on out-of-sample predictive performance. To this end, we em-

phasize that (3) with sketched data does not allow straightforward model based prediction

at hold-out samples. However, viewing this model as a computationally efficient approxima-

tion to (1), we develop a strategy wherein the parameter estimates from (3) is employed for

predicting response from (1). To be more precise, we first divide the data randomly into 4000

training and 314 hold-out samples and fit (3) on the training data to collect post burn-in

MCMC samples of β and σ2. Let the L post burn-in iterates of β are given by β(1), ...,β(L)

and the corresponding iterates for σ2 are σ(1)2, ....σ(L)2. For the predictor matrix X test corre-

sponding to the hold-out sample, we draw y
(l)
test ∼ N(X testβ

(l), σ(l)2I), for l = 1, ..., L, from

the uncompressed high dimensional linear regression model (1). The correlation between

these predicted response and the observed response is computed and the mean of this quan-

tity over post burn-in MCMC samples is presented in Figure 3(b). The results shows highly

positive correlation close to 1 for all values of m. As expected, there is an upward trend in

the correlation values, with m = 800 showing a correlation of 0.87 between the predicted

and the observed response. For comparison, the corresponding quantity for MCP with the

uncompressed data is also estimated and it turns out to be 0.91. Additionally, to assess

how well calibrated the predictive estimates are, we compute coverage and length of 95%

predictive interval averaged over all the hold-out samples. The results in Table 4 confirm

nominal or close to nominal predictive coverage for all values of m and narrower predictive

intervals with decreasing m. Overall, the CHS appears to be competitive even with smaller

values of m that leads to substantially efficient computation over its uncompressed analogue.
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Figure 3: Figure on the left shows the ratio of sum of squared distance between point estimate
from CHS and from MCP (with uncompressed data) to the sum of squared magnitude of
the point estimate from MCP. Figure on the right shows correlation between observed and
predicted response corresponding to CHS for the hold out observations. The predicted
response is computed using the strategy described in the text. The dotted line shows the
correlation for MCP on the uncompressed data.

The horseshoe prior on predictor coefficients does not allow direct identification of in-

fluential predictors. Thus, we adopt a two-stage strategy proposed in Guha and Rodriguez

(2020) where predictors with highest absolute values of estimated coefficients are identified

as influential after accounting for false discovery rate (FDR) at 0.01. The analysis is con-

ducted for m = 500 and it finds 135 influential predictors which include 8 main effects and

127 pairwise interaction terms, a sparse number of influential predictors considering the total

number of predictors p = 2016. The influential main effects include weight-related factors

(waist girth, BMI using knee height), age, any difficulty engaging in physical tasks (walking,

heavy housework, and preparing meals) and baseline total hip BMD which are consistent

with the established literature that identifies weight, limited activity, and age as predictors of

future BMD (Dargent-Molina et al., 2000). Of the 127 influential pairwise-interaction terms,

the most common factors included in the interaction terms are degree of difficulty in walking,

standing, or heavy housework as well as any fracture by age 50 which have previously been

highlighted as individual predictors of total hip BMD but should be investigated as potential

effect modifiers in future analyses. Further, the interaction between age and baseline total

hip BMD is influential suggesting that the relationship between baseline and Year 10 total
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hip BMD is attenuated by patient age. Together, these results demonstrate the proposed

CHS method identifies influential main effects and interaction terms that affirm clinically

established associations and identify potential effect modifiers, respectively.

6 Conclusion

This article presents a data sketching/compression approach in high dimensional linear

regression with Gaussian scale mixture priors. The approach is arguably the first article

on the usage of data sketching to solve computational issues in Bayesian high-dimensional

regression with a large sample. The proposed approach does not require storing or manipu-

lating original data in the course of the analysis, rather the analyst can be supplied with the

compressed data, which reveal little information about the original data. Simulation studies

show advantage of data compression over naive sub-sampling of data, as well as competi-

tive performance of the approach with uncompressed data, especially in presence of a high

degree of sparsity. Asymptotic results throw light on the interplay of sparsity, dimension of

the compression matrix, sample size and the number of predictors.

Although our approach is demonstrated with the Horseshoe shrinkage prior, it lends easy

usage to any other Gaussian scale mixture prior, such as the Generalized Double Pareto

(Armagan et al., 2013) or the normal gamma prior (Griffin et al., 2010). The data sketching

approach also finds natural extension to high dimensional binary or categorical regression

using the data augmentation approach. While simulation studies show promising empirical

performance of such an approach, we plan to put forth effort to develop theoretical results

in a similar spirit as Section 3. We also plan to extend the data sketching approach to high

dimensional nonparametric regression models with big n and p.
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