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Abstract

Climate models predict an intensification of extreme weather pat-
terns, thus it is important to assess how similar the extreme behavior in
climate model simulations is to that of observations. We fit a Bayesian
hierarchical threshold exceedance model to simulations from the climate
model CanCM4. Three simulation classes are analyzed and compared—
decadal, historical, and pre-industrial control—as well as an observation
product. To assess the extremes of the series considered we fit a gener-
alized Pareto model to the exceedances over a threshold. Our method
includes a likelihood-based hierarchical model for declustering. We find
that in most domains, the distributions of the simulations have a tail
behavior in agreement among themselves and with the observations. In
order to study the joint tail behavior of simulations and observations,
we perform a bivariate extreme value analysis using simple Pareto pro-
cesses in conjunction with a Bayesian non-parametric model of an an-
gular measure. The results show weak to moderate tail dependence in
nearly every comparison made.

1 Introduction

Climate models predict an intensification of extreme activity in weather pat-
terns (Easterling et al., 2000; Tebaldi et al., 2006). Extreme weather has social,
ecological, and political impacts, necessitating the need to gauge the differences
and similarities in extreme behavior between climate simulations and observa-
tions. The fifth phase of the Coupled Model Intercomparison Project (CMIP5)
brings together a variety of climate models under an experimental design frame-
work (Taylor et al., 2012; Hibbard et al., 2007). Some of the stated goals of
CMIP5 is to examine the variability and predictability of climate models and
to explore why some models differ in their responses. The experimental design
of CMIP5 is made up of both long-term and short-term simulations, as well as
very long simulations of an idealized climate in steady state, that are run as
controls. The long-term simulations are initialized from a state randomly cho-
sen from a control run. They are obtained under external forcings that emulate
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Figure 1: Global mean surface temperature monthly anomalies (w.r.t. observed climatology) from simula-
tions of the climate model CanCM4. Left: Control run. Center: Decadal run. Right: Historical run. The
light colored lines correspond to ten replicates. The solid line to the average. The dark line corresponds to
the observations.

the historical conditions of the 20th Century. They are then run far into the
future, usually the end of the 21st Century, under a number of emission scenar-
ios. Short-term simulations, called decadal, are typically executed for 10- and
30-year forecasts. These decadal runs are initialized with the conditions of the
ocean at a specific point in time. They aim at improving the prediction skill of
climate models through time-evolving regional climate conditions and external
forcings (Meehl et al., 2009). To visualize the difference between these three
types of simulations, Figure 1 presents the monthly anomalies of the global
mean temperature corresponding to control runs, historical simulations and
decadal simulations. By monthly anomalies we mean the differences between
value for a given month and the average for that month obtained using the
observational record. For our analysis we consider a specific climate model,
CanCM4 (described in more detail in section 2). The innovative experimental
design of CMIP5 allows for assessing the prediction skill and internal variabil-
ity of these decadal runs (Kim et al., 2012). Should decadal simulations come
to the forefront of climate model predictions, it becomes necessary to look at
all predictive aspects of this simulation class. Climate modelers are interested
in comparing the properties of decadal simulations to those of control and his-
torical runs. In particular, as discussed in this paper, it is important to assess
their extremal behavior.

The study of climate extremes based on climate model simulations has at-
tracted a great deal of attention in the climate community. Some recent work
based on the theory of extreme values appears in Fix et al. (2016), where the
authors fit a spatial GEV model on grid cells over the contiguous United States,
using global mean temperature as a covariate. Their results on the changes
over time of the 1% annual exceedance probability (loosely, the 100-year return
level) were consistent with global mean temperature increases found by Kharin
et al. (2013) and Allen and Ingram (2002). Weller et al. (2012) fit a parametric
bivariate extreme model on pseudo-polar coordinates to assess the significance
of asymptotic dependence between sea-level pressure fields and precipitation
from the pineapple express phenomenon. Weller et al. (2013) model precip-
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itation footprints near the Pacific coast with the GPD. Under pseudo-polar
coordinates made from joining observations with six NARCCAP models, they
found evidence for asymptotic independence for summer precipitation but not
for winter which had moderate asymptotic dependence.

The goal of this paper is to address two questions: 1) Does using the same
climate model in different ways produce similar extreme behavior? and 2) How
well do the simulations agree with the observations? Answers to these questions
would inform us on whether different initializations affect the extreme behavior
of climate models, and if climate models provide reasonable representation of
observed extremes. In tackling these problems we use some of the tools of
extreme value analysis that have been become traditional, (see, for example
Coles, 2001). But the peculiarities of this application, including the need to
consider replicates and to make inference for bivariate extremes, required to
introduce a number of novel developments that are illustrated in the paper.
These can serve to enhance the toolbox of statistical methods for extreme value
analysis.

It can be shown that, after standardization, the block maxima of inde-
pendent random variables have a distribution that belongs to the generalized
extreme value (GEV) family of distributions. Such an approach is at the core of
most extreme value analysis, but it naturally requires omitting a large portion
of the data. This can be remedied by using a threshold exceedance model,
which consists of selecting some large threshold and fitting the exceedances
to the generalized Pareto distribution (GPD). In our case study, we consider
CanCM4 climate simulations that are run at several different initial condi-
tions, producing multiple replicates. Dealing with replicates is not standard in
extreme value analysis, but is very naturally handled with Bayesian hierarchi-
cal models. This is the approach considered in this paper, where we consider
hierarchical models, not only for the exceedances, but also for estimating the
extremal index, a parameter which describes cluster sizes of exceedances in
the limit. Such models allow us to infer the extreme behavior of the underly-
ing climate model process, as simulated by the climate model. We then focus
on the extreme behavior that is inferred from the observations. A univariate
analysis would be sufficient if we desire a marginal comparison only. Neverthe-
less, to understand how several random variables interact in the extremes, we
need a multivariate extremal model. A climate simulation may act similarly
to observations in the margin, but their respective extreme values may occur
at drastically different times. A multivariate extreme value model allows us
explore joint tail dependence. Here we introduce a novel approach for inference
on the tails of a bivariate distribution. This uses a simple Pareto processes
(Ferreira and de Haan, 2014) which involves the estimation of an angular mea-
sure, as considered in Goix et al. (2015). In this paper, this is tackled using
Bayesian non-parametric methods that use Bernstein polynomials (Petrone,
1999).

The remainder of the paper is outlined as follows. In section 2 we describe
the data in more detail as well as the adjustments required to make the sim-
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ulations comparable to the observations. The univariate model, including the
hierarchical models for the exceedances and the extremal index, and quantities
useful for comparison are given in section 3. Section 4 describes our bivariate
approach. Results are presented in section 5 and we conclude with a discussion
in section 6.

2 Data

The Fourth Generation Coupled Global Climate Model (CanCM4) has been
produced by the Canadian Centre for Climate Modeling and Analysis (CC-
Cma). It consists of an atmospheric component, CanAM4 (von Salzen et al.,
2013), and an ocean component, CanOM4. The two components are coupled
daily to produce climate predictions of a number of variables on a roughly 2.5◦

degree grid over the globe (see Merryfield et al. (2013)). Two variables will
be analyzed: precipitation (labeled pr, in meters) and maximum temperature
(labeled tasmax, in degrees Kelvin). We further restrict our attention to ana-
lyzing two seasons—summer and winter—and two regions—California and the
continental U.S.

For decadal simulations we focus on two decades in this analysis: 1962–
1971 and 1990–1999, which are initialized on the state of the ocean in 1961
and 1989, respectively. Historical simulations are obtained for the years 1961–
2005. The pre-industrial control, or simply control, simulations correspond
to climate conditions comparable to those preceding the industrial revolution,
and are run over a thousand years. The purpose of the control runs is to
provide some measure of internal variability of the climate system. Decadal
and historical simulations are run at R = 10 different initial conditions. To
obtain R = 10 “replicates” for the control simulations, we randomly select
ten non-overlapping 10-year periods. An observation product is obtained from
Maurer et al. (2002). The observations are based on daily measurements from
weather stations throughout the United States and are interpolated onto a fine
grid (about 1/8◦ degree spacing, middle plot of Figure 2).

As noted above, the climate models are run on a different grid than the
observational data set. The two grids are shown in Figure 2 for the area over
California. In order to make the simulations comparable to the observations,
we adjust the data in the following manner. We take the climate model grid
cell locations and create non-overlapping cells, or rectangles, such that each
location is roughly in the center of the cell (left plot of Figure 2). Then we
count the number of locations from the observation product that are contained
within each cell. The number of locations within the cells are used to weight
the climate simulations (right plot of Figure 2). For the simulations, we take
a weighted sum for precipitation and a weighted average for temperature. No
weighting is used for the observations. Instead, a straight sum or average of
all locations within our region of interest (either California or U.S.) is used.
This method places the simulations and the observations on the same scale
and yields daily time-series.
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Figure 2: Left: CanCM4 simulation grid cells. Center: Observation locations. Right: method for computing
weighted sum or average for CanCM4 to make values comparable with observations; the lighter gray points
mean less weight is applied to the climate simulations and the darker gray means more weight. The data
shown (left and center) are precipitations from a single day in January, ranging from low (red) to high (blue)
precipitation.
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Figure 3: One of the DLMs used to calculate the anomalies. Shown is one of the decadal replicates of average
tasmax in California for about the first two and one-half years of the time-series. The green dashed lines
mark the beginning and the end of the summer months.

2.1 De-trending

Climate data are often non-stationary series characterized by complicated
trends and cycles. Since we are interested in the behavior of the extremes,
each time-series is “de-trended” prior to parameter estimation. This is accom-
plished through the use of dynamic linear models (DLMs) (Prado and West,
2010). Consider a univariate time series y1, . . . , yT . We assume that

yt = F>t θt + νt, νt ∼ N(0, vt) (1)

θt = Gtθt−1 + wt wt ∼ N(0,Wt)

where θt is the length-p state vector, Ft is a length p vector of known constants
are regressors, νt is observation noise, Gt is the known p×p state evolution ma-
trix, and wt is the state evolution noise. Note that νt and wt are independent
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in t, and mutually independent.
From Model (1) we obtain a smooth and flexible mean across time. After

conditioning on the data up to time T , we extrapolate back over time to obtain
the posterior distributions p(θt|DT ) for all t < T , which have mean at. Using
these distributions, and given Ft, the mean of yt is simply F>t at (see Prado and
West, 2010, for the algorithmic details). We construct Ft and Gt such that
the evolution of θt has annual and semi-annual cycles, i.e. the first and second
harmonics. Higher harmonics did not seem to make significant contributions
in modeling the time-series. A discount factor of δ = 0.9999 was chosen,
signifying low systematic variance. We assume the prior for vt is an inverse
gamma having sensible shape and scale parameters.

An example of fitting the model to one of the time series from the decadal
simulations is shown in Figure 3. The blue line in the left plot is the mean of yt,
F>t at, conditional on the whole time series. The interior of the vertical green
lines mark the summer months. The right plot is the result of subtracting
the observation yt with the mean from the DLM, which produces a roughly
stationary sequence. Thus, in our extreme value analysis we fit our model
to the residuals, or anomalies. For each time-series to be analyzed, we fit
a DLM having the characteristics described above to obtain the anomalies.
When working within a specific season, either winter (December, January,
February) or summer (June, July, August), we concatenate across years to
form a single time series of seasonal anomalies. So, for the winter data, the
anomaly corresponding to 28 February is followed immediately by that of 1
December of the following year.

3 Univariate analysis

Under some mild assumptions, for random variable X and for large enough u,
the distribution of X − u (the exceedance), conditional on X > u is approxi-
mately

P (X − u ≤ y|X > u) ≈ H(y) = 1−
(

1 +
ξy

σ

)−1/ξ

(2)

defined on {y : y > 0 and (1 + ξy/σ) > 0}. H(y) is the distribution function
for a generalized Pareto random variable with shape parameter ξ ∈ IR and
scale σ > 0. Let X1, . . . , Xn be a sequence of i.i.d. random variables and u be
a high threshold. Define Yi = Xi − u for Xi > u be the k exceedances. By
taking derivatives in Equation (2) we obtain a likelihood for ξ and σ, based on
the k exceedances.

In order to consider the replicates of the climate model simulations we
extend the above model in a hierarchical fashion. Suppose we have R replicates
or computer simulations, each with ni observations, for i = 1, . . . , R. Let
Xij denote the jth observation in replicate i. We assume that Xij ∼ Hi,
for i = 1, . . . , R, j = 1, . . . , ni, and that all Xij are mutually conditionally
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independent. For a fixed u and each i, define the following sets:

Ai = {j : xij ≤ u}, Aci = {j : xij > u}

where |Ai| = ni− ki and |Aci | = ki with ki being the number of exceedances in
replicate i. We define our exceedances as yij = (xij − u) · 1(j∈Ac

i ), so that all
observations not exceeding u are marked as 0. Let yi = (yi,1, . . . , yi,ni

)> and
y = (y>1 , . . . ,y

>
R)>.

The likelihood is given by

L(y;σ, ξ, ζ) =
R∏
i=1

hYi(yi|σi, ξi, ζi)

≈
R∏
i=1

(1− ζi)ni−kiζkii
∏
j∈Ac

i

1

σi

(
1 + ξi

yij
σi

)−1/ξi−1

+

 . (3)

Note that ξi, σi are informed only by those observations which exceed u. The
parameter ζi = P (Xij > u), which is necessary for calculating return lev-
els (section 3.2), depends only on the number of exceedances. We com-
plete the hierarchical model formulation by specifying the priors: ξi|ξ, τ 2 ∼
Normal(ξ, τ 2), σi|α, β ∼ Gamma(α, β) and ζi|ζ, η ∼ Beta(ζη, (1 − ζ)η). For
the hyperparameters that are used to specify the priors we have that ξ ∼
Normal(m, s2), τ 2 ∼ InvGamma(aτ , bτ ), α, β and η follow gamma distribu-
tions with parameters aα, bα, aβ, bβ and aη, bη respectively, and ζ ∼ Beta(aζ , bζ).
The inverse gamma is parametrized to have mean b/(a − 1) and the gammas
have mean a/b. These prior distributions are combined with the likelihood
to obtain a joint posterior distributions that is explored using Markov chain
Monte Carlo methods.

3.1 A hierarchical model to estimate the extremal index

The threshold exceedance model described above relies on an assumption
of independence between observations, which is unrealistic for a time-series.
When there is dependence between the random variables, the extremes are
related according to the so-called extremal index (Leadbetter, 1983), denoted
by θ ∈ [0, 1], which arises in the following way, as summarized in Ferro and
Segers (2003). For {Xn}n≥1 a strictly stationary sequence of random vari-
ables with marginal distribution F , the sequence has extremal index θ if for
each τ > 0 there is a sequence {un}n≥1 such that, limn→∞ n(1 − F (un)) → τ
and limn→∞ P (max(X1, . . . , Xn) ≤ un) → exp(−θτ). The extremal index de-
scribes the behavior of exceedances in the limit and can be loosely interpreted
as θ = (limiting mean cluster size)−1. As an example, suppose θ = 0.5, then
we would expect exceedances of a large threshold to occur in pairs; for θ = 0.33,
in groups of 3.

Ferro and Segers (2003) show that the extremal index arises in the limiting
distribution of the times between exceedances of a threshold. If Tθ is the
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random variable for interexceedance times in the limit, then Tθ is distributed
according to the mixture (1− θ)ε0 + θµθ where ε0 is the degenerate probability
distribution at 0 and µθ is an exponential distribution with mean θ−1. This
means that the role of θ is two-fold: it is both the proportion of non-zero
interexceedance times and the inverse mean of non-zero interexceedance times.
This poses a challenge when estimating θ since is it impossible to observe
an interexceedance time of zero in practice. We next describe a hierarchical
model used to estimate θ. This is an extension the likelihood-based threshold
exceedance model in Ferro and Segers (2003) and is used to get an estimate
for θ, which is used to decluster the exceedances and to calculate return levels.

Suppose we have observations X1, . . . , Xn. For a threshold u, the N ex-
ceedances Yi = Xi−u given Xi > u occur at times 1 ≤ j1 < · · · < jN ≤ n. The
observed interexceedance times are given by Ti = ji+1− ji for i = 1, . . . , N −1.
Ferro and Segers (2003) provide the following log-likelihood

l(θ, p; T) = m1 log(1− θpθ) + (N − 1−m1){log(θ) + log(1− pθ)}

+ θ log(p)
N−1∑
i=1

(Ti − 1) , (4)

where p is the probability of not exceeding the threshold. Süveges (2007)
proposed an alternative likelihood for estimating the extremal index which
dealt with some of the issues noted in Ferro and Segers (2003). This likelihood
was extended in Süveges and Davison (2010). Though there are advantages
to the alternative likelihood, we prefer to use the one given in (4). In fact,
in a simulation study, both likelihoods performed very similarly, with some
preference to model (4), in the context of the hierarchical setting that we
describe below.

In our application, we have R replicates from a climate model with val-
ues from replicate i denoted Xi,1, . . . , Xi,n. If we assume these simulations are
independent from each other, then we expect there to be R unique extremal
indices θ1, . . . , θR. By assuming conditional independence between the simula-
tions, we can construct the log-likelihood L =

∑R
i=1 l(θi, pi; T

(i)) where T(i) is
the vector of interexceedance times for replicate i having length Ni. However,
since all replicates come from the same climate model, we may wish to as-

sume that the θi come from a common distribution. θi
iid∼ Beta (θν, (1− θ)ν) ,

having mean θν/(θν + (1 − θ)ν) = θ. Under model (4), we place a similar

prior on the pi, pi
iid∼ Beta (pτ, (1− p)τ). The model is completed by assum-

ing that θ and p follow a beta distributions with parameters aθ, bθ and ap, bp
respectively, and ν and τ follow gamma distributions with parameters aν , bν
and aτ , bτ respectively.

Using the inference on θi, we perform declustering as in Ferro and Segers
(2003). Each replicate is declustered separately. Let θ̂i be the posterior mean of
the extremal index of each replicate. Calculate Ci = bθ̂iNic+ 1, the estimated
number of independent clusters. Let TCi

be the Cith largest interexceedance
time in T(i). In the case of ties, decrement Ci by one until TCi+1 is strictly
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greater than TCi
. Clusters are formed by grouping the exceedances that are

separated in time by no more than TCi
. In other words, two exceedances are

in the same cluster if their interexceedance time is less than or equal to TCi
.

The Ci clusters that will be formed using the above scheme are assumed to be
independent. For each cluster we compute the cluster maximum, this being
the ultimate quantity used in our inference.

3.2 Return levels

A most useful quantity in an extreme value analysis is the return level. Gener-
ally, for a distribution G, the return level xm is the solution to G(xm) = 1−1/m
which is interpreted as the quantity that is exceeded on average once every m
observations. For our model the return level is

xm = u+
σ

ξ

[
(mζθ)ξ − 1

]
(5)

where the terms ζ and θ account for the probability of exceeding u and being
within a cluster, respectively.

4 Bivariate analysis

The univariate analysis described in section 3 may reveal comparable extremal
behavior among some of the simulations and observations, but it is insufficient
to describe any tail dependence. For this, we work under the framework of
multivariate extremes. Univariate extreme value analysis can be generalized to
a multivariate setting, wherein the limiting model for joint maxima is obtained.
The model is comparable to the GEV distribution in the univariate case and
further allows the modeling of tail dependence. Chapter 8 of Coles (2001)
provides an introduction to multivariate extremes, specifically in the bivariate
case. Some possible families of distributions for modeling bivariate extremes
are offered in Coles and Tawn (1991).

Weller et al. (2012) perform a bivariate extreme value analysis in two stages.
The first, which we also do, is to fit each marginal with the GPD. The second
stage involves transforming the marginal data to standard Frechet random
variables using the GPD parameter estimates. A bivariate vector is formed and
converted into pseudo-polar coordinates. From here, they perform a hypothesis
test on the presence of asymptotic dependence and then fit parametric models
to the angles. Our approach differs in that we use a nonparametric model on
the angles obtained from a simple Pareto process.

For exceedance over a threshold in multivariate settings, the work of Rootzen
and Tajvidi (2006) defines the multivariate generalized Pareto distribution.
Further analysis of these classes of distributions is presented in Falk and Guil-
lou (2008). In this context, Michel (2008) provides a detailed discussion of
different inferential approaches. In this paper we propose a novel approach
that is based on a constructive definition of a Pareto process presented in
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(Ferreira and de Haan, 2014) that decomposes the vector of interest into a
length component and an angular component.

The primary result we use is Theorem 3.2 from Ferreira and de Haan (2014).
Let C(S) be the space of continuous real functions on S, equipped with the
supremum norm, where S is a compact subset of IRd. Let X be from C(S).
Then the conditions of their Theorem 3.1 imply

lim
t→∞

P

(
TtX(s) ∈ A

∣∣∣∣sup
s∈S

TtX(s) > 1

)
= P (W ∈ A) (6)

where W is a simple Pareto process (see Appendix A.2), and

TtX(s) =

(
1 + ξ(s)

X(s)− ut(s)
σt(s)

)1/ξ(s)

+

(7)

is the standardized version of X(s), with ut, σt and ξ are continuous functions
in S, and σt(s) > 0, ∀s. The condition that sups∈S TtX(s) > 1 is equivalent to
sups∈S X(s) > ut(s). Thus, ut(s) can be seen as a sequence of thresholds.

We assume t is large enough that the theorem applies (implying u = ut and
σ = σt). In this paper we are interested in the bivariate case, thus we can think
of S as a set containing two elements only, s1 and s2. According to Equation
(6) the distribution of a bivariate random vector, after the transformation in
(7), and given that the maximum of the transformed vector is above a high
enough threshold, is equal to that of a simple Pareto vector, say W . Using the
definition of a Pareto process in Appendix A.2, we have W = Y V = Y (V1, V2),
Y is a Pareto random variable and V1 ∨ V2 = max(V1, V2) = 1. Thus, as
the points (V1, V2) fall along the curve of the non-negative unit sphere with
supremum norm {(v1, v2) : ||(v1, v2)||∞ = 1, v1 ≥ 0, v2 ≥ 0}, and each of them
is associated with a unique direction, Y determines the length of the vector
W and V its direction. Thus we obtain an alternative representation of V
specifying (V1, V2) in terms of a scaled angle

φ =
2

π
arctan

(
V2

V1

)
∈ [0, 1]. (8)

Our modeling approach consists of building a very flexible model for V . This
is achieved by modeling the distribution of φ using a Bernstein-Dirichlet prior
(BDP) (Petrone, 1999). More specifically, we model the density of φ as

p(φ) =
M∑
m=1

ωm be(φ | m,M −m+ 1), φ ∈ [0, 1], (9)

where be(· | a, b) denotes the density of a Beta distribution with shape pa-
rameters a and b (such that the mean is a/(a + b)). The mixture weights are
defined through increments of a cumulative distribution function F with sup-
port on [0, 1], such that ωm = F (m/M) − F ((m − 1)/M), for m = 1, . . . ,M .
If F can take flexible shapes, then the mixture weights can adapt to select-
ing the appropriate beta basis densities to achieve general NHPP density, and
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thus intensity, shapes. This motivates assigning a nonparametric prior to F ,
such as a Dirichlet process prior (Ferguson, 1973, 1974) with a Beta centering
distribution.

4.1 Asymptotic tail dependence

A measure that is used to characterize the strength of the dependence, in
the tail, for two random variables X and Y that share a common marginal
distribution, is given by

χ = lim
z→z∗

P (X > z|Y > z),

where z∗ is the (possibly infinite) right end-point (Coles, 2001). χ informs us
of the distribution of extremes for the variable X given that Y is very large.
When χ > 0, X and Y are said to be asymptotically dependent, otherwise
they are asymptotically independent.

For a simple Pareto process the distribution function for Wi ≡ W (si) is
FWi

(w) = 1− E(Vi)/w, where Vi ≡ V (si) and w > 1. Using this fact, we can
standardize Wi to be uniform and compute χ as

χ = lim
q→1

P (FW1(W1) > q|FW2(W2) > q) = E

(
V1

E(V1)
∧ V2

E(V2)

)
, (10)

where a ∧ b = min(a, b). Notice that the tail dependence in a Pareto random
vector depends only on the distribution of the angular component. Thus, by
considering a flexible enough model for φ we are able to capture the whole range
of tail dependence. Asymptotic independence, though, can not be achieved
with a model based on Pareto processes.

5 Results

Our analysis considers each of the four data sources (i.e. the three climate
simulation classes and the observation produce). There are four factors with
two levels each. The factors, with their levels, are: (1) Variable – precipitation
or maximum temperature; (2) Season – winter or summer; (3) Decade – 1962–
1971 or 1990–1999; and (4) Region – California or U.S.A. For each of the
16 combinations, we de-trended and de-clustered the data. Then we used the
hierarchical model described in Section 3 for the decadal, historical, and control
runs, and a univariate threshold model for observational product.

Thresholds are chosen to be the 0.95 quantile for the climate simulations
and 0.85 for the observations. These quantiles can be justified in part by
looking at mean residual life plots (not shown), see section 4.3.1 of Coles
(2001). Such plots indicate that the generalized Pareto approximation (2)
is valid for exceedances of the selected thresholds. We also have to consider
the sample size of the exceedances, and these quantiles give us enough data to
accurately fit the models. The chosen thresholds are given in Tables 1 and 2.
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Factor combination Control Decadal Historical Observed
1962 CA Summer 1.04 2.42 2.44 0.76
1962 CA Winter 18.08 19.43 22.22 11.61
1962 USA Summer 53.83 61.98 55.32 42.65
1962 USA Winter 141.88 127.03 130.85 69.13
1990 CA Summer 1.04 2.51 2.42 0.49
1990 CA Winter 18.08 17.75 17.61 15.49
1990 USA Summer 53.83 62.73 59.73 42.33
1990 USA Winter 141.88 144.45 140.18 69.42

Table 1: Precipitation thresholds for climate simulations and observations under each scenario.

Factor combination Control Decadal Historical Observed
1962 CA Summer 4.00 3.53 3.72 2.49
1962 CA Winter 5.52 5.19 5.47 3.26
1962 USA Summer 2.02 2.22 2.17 1.51
1962 USA Winter 3.93 3.57 3.69 3.23
1990 CA Summer 4.00 3.87 3.91 2.94
1990 CA Winter 5.52 5.56 5.29 3.31
1990 USA Summer 2.02 2.17 2.26 1.46
1990 USA Winter 3.93 3.57 3.65 3.66

Table 2: Temperature thresholds for climate simulations and observations under each scenario.

Factor combination Observed Historical Probability
1962 CA Summer Pr 2.06 2.44 0.213
1962 CA Winter Pr 22.69 22.22 0.347
1962 USA Summer Pr 51.16 55.32 0.307
1962 USA Winter Pr 84.62 130.85 0.482
1990 CA Summer Pr 2.22 2.42 0.244
1990 CA Winter Pr 21.04 17.61 0.371
1990 USA Summer Pr 46.06 59.73 0.577
1990 USA Winter Pr 105.54 140.18 0.318
1962 CA Summer Temp 3.26 3.72 0.281
1962 CA Winter Temp 4.76 5.47 0.273
1962 USA Summer Temp 1.87 2.17 0.281
1962 USA Winter Temp 4.13 3.69 0.270
1990 CA Summer Temp 3.97 3.91 0.307
1990 CA Winter Temp 4.27 5.29 0.340
1990 USA Summer Temp 1.93 2.26 0.304
1990 USA Winter Temp 4.68 3.65 0.264

Table 3: The probability that an observational anomaly exceeds the given value, conditioned on the historical
anomaly exceeding its threshold. The values are computed using the second equation in A.3 with q =
1− E(V2).
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The posterior distributions for ξ and σ from the climate simulations showed,
with few exceptions, considerable overlap with those of the observations. Ex-
cept for summer precipitation in California, posterior shapes for each data
source were centered around zero with slightly more mass below zero. This
suggests only weak evidence for anomaly extremes having an upper bound.

The extremal indexes, which measure limiting mean cluster size in the
exceedances, under maximum temperature were all very similar. For each data
source and every factor combination (excluding precipitation), we estimate
extremal indexes to be around 0.2 to 0.4. This suggests that particularly hot
days come in groups of around 2 to 5 days, regardless of season, location, and
time. The story with precipitation is a little different. In this case, we typically
had a larger extremal index for the simulations (around 0.6 to 0.8) than for the
observations (0.4 to 0.6). Hence, the extremal index for observations would
suggest that especially rainy days come in pairs, but simulations would have an
average cluster size of about 1.5. An exception here was observed for California
summer during 1962–1971 which had an agreement between simulations and
observations and showed limiting mean cluster sizes of about 2.

The comparison between simulations and observations can be characterized
well with the 20-year return levels shown in Figure 4. Despite using different
quantiles for thresholds (and having different posterior distributions), we can
still observe similarities in the return levels. These return levels suggest that
for any time period, but not on any given day, we expect to see similar extreme
anomalies.

We use the simple Pareto process of section 4 to compare each type of
climate model simulation to the observations. Specifically, for each replicate
in the simulations and its corresponding observational record we perform the
transformation (7). From the two resulting time series we compute daily scaled
angles via (8). The DPPackage in R is employed to fit a BDP model to these
angles. For the BDP we use a uniform centering distribution with prior pre-
cision as a gamma random variable having mean and standard deviation 10.
We set the maximum number of beta mixtures to be Mmax = 300. The BDP
from the package returns a density estimate of the angles along a fine grid on
the unit interval. Finally, a bootstrap sample of the grid using the normalized
density estimate produces our posterior distribution of the angles. It is from
this posterior distribution in which we compute χ with (10) as a measure of
asymptotic dependence.

The above process is utilized for each of the three climate simulation classes
under all 16 factor combinations. Along with the R = 10 χ’s computed for
each replicate, an “overall” χ was computed by pooling together the angles
from each replicate under a particular scenario. In total, a BDP model was fit
(10 + 1)× 3× 16 = 528 times. The results are shown in Figure 5. The larger
X marks the “overall’ measure and the smaller dots mark each replicate. Most
estimates for asymptotic dependence are in the region [0.2, 0.4] indicating weak
to moderate dependence. In only two instances do we have χ close to 0.5. And
in these cases the comparison is made with the control runs, which should be
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Figure 4: 20-year return levels from the mean process under each of the 16 factor combinations.

some cause of concern since the times for the control runs do not have the same
meaning as those from the observations. In every other case we see relatively
the same strength of dependence from the three climate simulations, though
the dependence is weak.

We quantify the relationship between historical anomalies and observa-
tional anomalies in Table 3. The values in that table are calculated from
simple Pareto processes (see A.3). Each row provides the probability that an
observational anomaly exceeds a certain value given that the historical anomaly
exceeds its threshold. Note the value under the observed column is not the
threshold for the observations. We observe that in all but one of the cases the
probability is less than 50%. The exception being summer precipitation in the
USA in the 90’s.
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6 Conclusions

We have proposed a hierarchical threshold model to study the extreme behav-
ior of environmental variables. The model was applied to a variety of factor
combinations involving different runs for a climate model, and compared to
a univariate threshold model for an observational record. Our application is
peculiar, due to the existence of replicates, which is an uncommon feature
in etreme value analysis. Our likelihood based approach is able to handle
this peculiarity using a hierarchical structure. The key climatological ques-
tion in this application is whether different types of climate model simulations
produce simulations with comparable tail behavior. The evidence from the
current case study shows that, indeed, the tails of the simulations obtained
from a control run, a historical run and a decadal simulation behave simi-
larly. In addition, when compared to the tails of an observational record, we
did not detect substantial differences. Our univariate analyses for each data
source reveal similarities in the tail behavior and return levels. However, when
we consider the asymptotic tail distribution, jointly between observations and
simulations, we find that the dependence is relatively weak. This implies that
the probability of large precipitation or temperature, conditional on high simu-
lated values, is not very high. This undermines the predictive ability of climate
model extremes.
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A Appendix

A.1 Likelihood for hierarchical model

L(y;σ, ξ, ζ) =
R∏
i=1

fYi(yi|σi, ξi, ζi)

=
R∏
i=1

∏
j∈Ai

FXi
(u)×

∏
j∈Ac

i

fXi
(yij + u)


≈

R∏
i=1

∏
j∈Ai

FXi
(u)×

∏
j∈Ac

i

[1− FXi
(u)]h(yij|σi, ξi)

 (approximation (2))

=
R∏
i=1

∏
j∈Ai

(1− ζi)×
∏
j∈Ac

i

ζi
σi

(
1 + ξi

yij
σi

)−1/ξi−1

+

 (ζi = 1− FXi
(u))

=
R∏
i=1

(1− ζi)ni−kiζkii
∏
j∈Ac

i

1

σi

(
1 + ξi

yij
σi

)−1/ξi−1

+


A.2 Definition of a simple Pareto process

The constructive definition of a simple Pareto process is as follows (from The-
orem 2.1 of Ferreira and de Haan (2014)):

Let C+(S) be the space of non-negative real continuous functions on S,
with S some compact subset of IRd. Let W be a stochastic process in C+(S)
and ω0 a positive constant. When W (s) = Y V (s) for all s ∈ S, for some Y
and V = {V (s)}s∈S, satisfies:

(a) V ∈ C+(S) is a stochastic process satisfying sups∈S V (s) = ω0 almost
surely, and E[V (s)] > 0 for all s ∈ S.

(b) Y is a standard Pareto random variable, P (Y ≤ y) = 1− 1/y, y > 1,

(c) Y and V are independent.

then W is called a simple Pareto process.

A.3 Measure of asymptotic dependence for simple Pareto
process

To obtain χ we need limq↑1 Pr(FW1(W1) > q|FW2(W2) > q). We observe that
Pr(Wi > w) = E(1 ∧ Vi/w) = E(Vi/w), for a large enough w, as 0 < Vi ≤ 1.
Thus, for q close to 1, F−1

Wi
(q) = EVi/(1 − q), i = 1, 2. We then have that
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χ is given as a ratio where the numerator is Pr(W1 > w1,W2 > w2), where
wi = EVi/(1− q). This is equal to

Pr

(
Y >

w1

V1

∨ w2

V2

)
= E

(
1 ∧

(
w1

V1

∨ w2

V2

)−1
)

= (1− q)E
(
V1

EV1

∧ V2

EV2

)
,

for large enough q. To complete the proof we observe that the denominator in
χ is given by Pr(FW2(W2) > q) which is equal to 1− q.

Transforming from the Pareto process back to the original variables, we
can obtain

Pr

(
X1 > u1 +

σ1

ξ1

(
wξ11 − 1

)∣∣∣∣X2 > u2 +
σ2

ξ2

(
wξ22 − 1

))
which can be used to describe bivariate extreme behavior in concrete terms.
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