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Abstract

This article studies the convergence rate of the posterior for Bayesian low rank supervised tensor modeling with
multiway shrinkage priors. Multiway shrinkage priors constitute a new class of shrinkage prior distributions for
tensor parameters in Bayesian low rank supervised tensor modeling to regress a scalar response on a tensor predictor
with the primary aim to identify cells in the tensor predictor which are predictive of the scalar response. This novel and
computationally efficient framework stems from pressing needs in many applications, including functional magnetic
resonance imaging (fMRI) and diffusion tensor imaging (DTI). This article shows that the convergence rate is nearly
optimal in terms of in-sample predictive accuracy of the Bayesian supervised low rank tensor model with a multiway
shrinkage prior distribution when the number of observations grows. The conditions under which this nearly optimal
convergence rate is achieved are seen to be very mild. More importantly, the rate is achieved for an easily computable
method, even when the true CP/PARAFAC rank of the tensor coefficient corresponding to the tensor predictor is
unknown.

Keywords: Multiway shrinkage prior, Posterior convergence rate, Parafac decomposition, Supervised tensor
modeling

1. Introduction

Of late we routinely encounter applications involving predictors having a multidimensional array or tensor struc-
ture. For example, in neuroimaging applications, the predictor is often in the form of 3D brain images of an individual
consisting of 96X 96 x 96 voxels. Another noteworthy application of tensor predictors arises from brain connectomics,
where matrix predictors quantifying connections between different brain regions are used to predict an individual’s
1Q. The most naive approach assesses association between a tensor predictor and a scalar response by fitting cell by
cell independent regression models [11]. Although this approach is widely used for its simplicity, it misses out on
important information regarding the way in which multiple cells in a tensor predictor jointly impact a response.

A more sophisticated approach vectorizes the tensor predictor and uses existing high-dimensional regression tech-
niques with the scalar response and the vectorized tensor. Such vectorization fails to capture spatial dependence
between tensor cells and suffers in terms of learning the tensor coefficient for small samples. To give an example, in
the context of fMRI applications with 96> ~ 1 million image predictors, state-of-the-art Bayesian high-dimensional
regression [1, 3] proposes vectorizing the tensor predictor into a vector of dimension 96* before regressing it on the
scalar response. Gibbs sampling implementation of this high-dimensional regression requires inverting a 96° x 96
matrix, which is infeasible. From the inferential point of view, Bayesian high-dimensional regressions are deemed to
be statistically inefficient when the number of predictors exceeds the sample size [2]. In the context of fMRI applica-
tions with 96 image predictors, this condition demands that consistent estimation of the posterior by vectorizing the
tensor predictor is only possible if the sample size exceeds 96°, an impractical situation in biomedical applications.
There is an alternative literature based on functional regression that treats the vectorized tensor as the discretization
of a functional predictor [5, 15, 16], though it is not accompanied by proper theoretical guarantee.

It is noteworthy that there is a considerable body of literature both in the theory and application in unsupervised
“low rank” tensor modeling on decomposing a tensor into a few factors and identifying the rate at which the distance
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between true and estimated tensor decays. Here “rank” refers to the PARAFAC or CP-rank [9]. A naive approach
to low-rank decomposition of a tensor requires complicated non-convex optimization [9]. Several proposals have
been made in the literature to alleviate the computational difficulties caused by the non-convex optimization [6, 12,
18], though they achieve computational efficiency at the expense of a “suboptimal” learning rate. There is a growing
literature on Bayesian unsupervised low rank tensor models [4, 8, 20] that constructs a generative model of the tensor
decomposition and places a prior probability on low rank decomposed components of the tensor. Though these
methods are tailored to model efficiently the low rank decomposition of massive tensors, only a few of them [20] are
supported by theoretical results.

Our problem is fundamentally different from estimating unsupervised low rank decomposition of the tensor ob-
jects. Rather, we focus on theoretically investigating computationally efficient supervised Bayesian low rank tensor
regression models. Our supervised tensor regression framework expresses a regression model in which a tensor coeffi-
cient embodies the impact of every cell of the tensor predictor in predicting the scalar response. The prior probability
considered on the tensor coefficient is the recently proposed novel Multiway-Dirichlet Generalized Double Pareto
Prior M-DGDP) [7]. It is argued in Guhaniyogi et al. [7] that supervised Bayesian tensor modeling with the M-DGDP
prior carefully imparts shrinkage on the tensor coefficient in three different ways: at a global level, at a local level of
individual parameters, and by providing shrinkage towards low rank decomposition (in the sense of PARAFAC rank)
of the tensor coefficient. A multiway shrinkage prior thus constructed, naturally induces sparsity within and across
components in the tensor factorization of the tensor coefficient and exhibits excellent empirical performance in terms
of prediction and region selection. Moreover, the M-DGDP prior allows auto tuning of all the hyperparameters with
Markov chain Monte Carlo chains showing rapid mixing. Guhaniyogi et al. [7] provide sufficient methodological and
applied motivation behind the framework and establish results on posterior consistency for the proposed model.

The major contribution of this article is to offer a stronger theoretical result in estimating the learning rate of the
posterior density of the tensor coefficient under mild assumptions. We relax the key assumption in Guhaniyogi et
al. [7] that both the tensor predictor coefficient generating the data (also referred to as the true tensor coefficient)
and the fitted tensor coefficient have rank R PARAFAC decompositions. In practice, the rank of the true tensor
coefficient is never known. Instead, the current article is based upon a more realistic assumption that the rank of the
fitted tensor coeflicients is merely greater than the rank of the true tensor coefficients. Additionally, Guhaniyogi et
al. [7] concentrate exclusively on proving consistency of the posterior distribution, while the present article carefully
devises techniques to derive the rate at which the posterior distribution of the tensor coefficient converges to the
truth. Roughly speaking, we provide a “near optimal” learning rate of the order of n~'/? up to a In(n) factor for
the posterior distribution. As a corollary, the Bayes estimate is also shown to have a near optimal convergence rate.
These results are considerably stronger than those of Guhaniyogi et al. [7] and also require different proof techniques.
Most importantly, to the best of our knowledge, the rate of convergence for coefficients under Bayesian shrinkage
priors is not well developed even in the context of ordinary high-dimensional regression. This article provides a
posterior concentration rate for shrinkage priors in a tensor regression scenario which is arguably more challenging
than ordinary high-dimensional regression with scalar predictors.

Recently, theoretical results on supervised tensor modeling in the frequentist literature [21] have determined the
rank of tensor beforehand and therefore, have a different setting from ours. To the best of our knowledge, there
is only one prior work [17] that presents a near optimal convergence rate for the posterior distribution of Bayesian
supervised tensor modeling with low rank structure on the tensor coefficient. The prior probability considered in
Suzuki [17] is the most basic one, which places Gaussian priors on decomposed components of the tensor coefficient
and an exponentially decaying prior on the rank. While this prior has optimal theoretical properties, it faces inevitable
computational and mixing issues when tensor dimensions are sufficiently large. In contrast, the M-DGDP prior
provides a practically useful, computationally efficient posterior with optimal convergence rate.

2. Problem setting

2.1. Notations and definitions

Let 81 = (Bi1,---.B1p)" and B2 = (Bat, ..., B2p,)T be py x 1 and py X 1 vectors, respectively. The vector outer
product 31 0f3; is a p; X p, array with (i, j)th entry 81; 82;. A D-way outer product between vectors 8; = (Bj1,...,8jp,) "
j €{l,...,D}, is a p; X --- X pp multi-dimensional array denoted by B = §; o --- o Bp with entries (B);,, i, =

.....
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Bii, X -+ X Bpi,. Define a vec(B) operator as stacking elements of this D-way tensor into a column vector of length
p1 X -+ X pp. From the definition of outer products, it is easy to see that vec(8; o --- o Sp) = Bp ® - - - ® B1. A tensor
Be o _,R?7 is known as a D-way tensor.

2.2. Tensor regression

Consider data (y, X1), ..., (s, X)) Where, for each i € {1,...,n}, y; is the scalar response and X; is the tensor pre-
dictor in RP>*Pp Tt is assumed that the scalar response y; is generated from the tensor predictor X; = (x;;, .., zn),ll_’_': ';,)Dl
following the model

yi = (X;, BYY + €, &~ N(0,0?),

where BY = (bf)I D, n)P P p ?, is the true and unknown tensor coefficient in R”1***P>_ The inner product between two
tensors BY and X; is deﬁned by (Xi, BYY = Y i Xiiy mb?l ’’’’’ iy The errors €, . ..., € form a random sample from a
N(0, o) distribution with mean 0 and variance .

This article assumes a “low rank” decomposition on the true tensor coefficient BY. Here “rank” refers to the rank

of the CP or PARAFAC-decomposition. We say that B follows a rank-Ry PARAFAC decomposition if BY can be

expressed as
O(r) 0(r)
Dn’

for some [30( e Rri je{l,...,D}and r € {1,..., Ry}, where Ry is the minimum number to yield such decomposition.
The set

.....

{ﬁo(’)eRp’ 1<j<D,1<r<Ry

Jin

0(l) .

. . O(R
is known as the set of tensor margins of BY. Let B(;’n =B : ﬁ R be a pj X Ry matrix.

jn
A rank Ry PARAFAC decomposition of tensor BS is also presented as B = [[Bl e D’n]]. On a similar note,
we fit a tensor regression model to the data (y;, X1),. .., (y4, X,) as follows
yi=(X.B))+ €&, €&~N(0,0) (1

where B, is the fitted tensor coefficient in R”'**P> Similar to the true tensor coefficient, the fitted tensor coeflicient
B, is assumed to follow a rank-R PARAFAC decomposition with B, = [[B.,..., Bpall and Bj, = [B5, : ---: p{], a
pj X R matrix. In what follows, we assume for the sake of simplicity that o is known, and more specifically o> = 1
without loss of generality. Finally, assume that for all j € {1,...,D}andi; € {1,...,p;},

Fo) _ (pD (R) \T 50 _ 0 O(Ro)\ T
ﬁji/-n - (ﬁji,,n’ T ’ﬂji/,n) > Bji_,-,n - (ﬁji,-,n’ cee :8/,,3 )
Evidently, the rank of the true tensor (Rj) and the fitted tensor (R) are assumed to be different.

Example 1 (fMRI studies). In neuroscience, often the interest lies in predicting a phenotypic characteristic of an in-
dividual based on the functional magnetic resonance imaging (fMRI) obtained from brain scans. fMRI measurements
for each individual come in the form of a 3D tensor composed of a large number of cubic cells, known as brain voxels.
Typically, a full scale fMRI measurement generates a tensor image consisting of p; X p, X ps voxels. This acts as a
tensor predictor

Xi = (i ioi)E 050

for the ith individual with x;; ;, ;; corresponding to the fMRI intensity in the (i1, i, i3)th voxel. The true and unknown
tensor coefficient BY signifies the weight of each voxel in predicting the phenotypic characteristic. Please refer to
Guhaniyogi et al. [7], who investigated tensor regression with fMRI data in detail with the proposed model and prior
distributions.

Example 2 (DTI studies). In many neuroscience applications, it is of common interest to build a prediction model
of 1Q on the brain connectivity. To quantify brain connectivity, important regions of interest (ROI) in the brain
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are identified and the number of neurons connecting different ROIs is measured from the brain white matter using
diffusion tensor imaging (DTI). Let X; be a matrix of dimension p X p, where p is the number of ROIs. The (¢, s)th
entry in X;, denoted by x;,, is given by the number of neurons connecting ROI s to ROI ¢. The goal is to predict
IQ (a scalar response) based on the p X p connectivity matrix. Here the true tensor B? quantifies the effect of neuron
connectivity between two ROIs in predicting the IQ. For more details, please see Guhaniyogi et al. [7], who present a
detailed analysis of the tensor regression model with the M-DGDP prior on the tensor coefficients for the DTI data.

The goal in these examples is to estimate the unknown tensor coefficient B? and to facilitate the accurate prediction
of y based on X. Note that estimation of a higher-dimensional tensor B? in Example 1 is much more complex than
estimating a matrix. Zhou et al. [21] proposed a theoretically optimal frequentist procedure to estimate BY under the
assumption that R is known.

Instead of convex regularized point estimation, this article provides a Bayesian procedure to estimate the posterior
distribution of B,. It will be shown in due course that the posterior predictive loss (defined in Section [2.4) of our
procedure decays at the “near” optimal rate to O under weak assumptions. Moreover, the posterior is easily computable
with standard Markov chain Monte Carlo updates for all the parameters.

2.3. Prior and posterior distributions of B,

This section discusses the choice of prior and the induced posterior distribution on B,,. Note that there has been
a growing interest, in high-dimensional regression with vector predictors, in choosing priors on predictor coefficients
which shrink small coefficients towards zero while maintaining minimum shrinkage for large coefficients. Many of
these priors design shrinkage through a global parameter and a set of local parameters. The global parameter imposes
shrinkage globally while local parameters carefully balance shrinkage for large and small coefficients [14].

The literature on the vector shrinkage priors provides an excellent starting point for studying multiway shrinkage
prior on tensor coefficient B,, though the latter presents a lot more hurdles. Assuming that B, admits a rank-R
PARAFAC decomposition, proposing a prior on B, is equivalent to specifying priors over tensor margins ,852 Given
that every cell coefficient in B, is a nonlinear function of the tensor margins, care should be taken while imposing prior
shrinkage on them. To this end, Guhaniyogi et al. [7] characterize multiple restrictions on putting prior distributions
on ,BS.;)!’S to facilitate desirable shrinkage for the posterior distribution of b;, _;, » and propose one multiway shrinkage
prior satisfying all the restrictions.

This article provides a theoretical analysis of the proposed multiway shrinkage prior over B, deemed the multiway
Dirichlet generalized double Pareto (M-DGDP) prior [7]. The M-DGDP prior induces shrinkage across components
in an exchangeable way, setting 7, = ¢,7 as the global scale for component r € {1,..., R}, with 1 ~ GA(a,, b;) and
D= (P1,...,08) ~ DIR(ay,...,ag). The hierarchical margin-level prior is given by

B~ N[O @DWiel, Wik ~ EWXS/2), i ~ Glan, b). 2)

.....

Additional flexibility in estimating {ﬁ(j”z : 1 £ j < D} is accommodated by modeling heterogeneity within margins
via element-specific scaling wj,x. Above, W;, = diag(wj1,...,w;jp,) are local (margin and component-specific)
scale parameters for each margin j € {1,..., D} and every component r € {1,...,R}. A common rate parameter A,
encourages sharing of information between the marginal elements. Collapsing over the element-specific scales, one
has, forallk € {1,..., p;},

BUL A 61T X DEW/ ByT).
Prior (2)) leads to a generalized double pareto (GDP) shrinkage prior having the form of an adaptive Lasso penalty on
the individual margin coefficients.

Let the likelihood of @) be denoted by f(yy., | By, X1.,) so that

FOrn | By, X10) o expf= > (i = (Xi, B,))/2),
i=1
Denoting the prior distribution of B,, by n(B,,), the posterior distribution of B, is given by
ﬁBn f(yl:n | Bm Xl:n)ﬂ(Bn)dBn
[ fO1n | By, Xy1:)n(B)dB,

4
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where B, is a subset of RP*"*P>_Tt is easy to see that the conditional posteriors for all parameters are in closed form.
Therefore, Gibbs sampling [7] can readily be employed to estimate the marginal posterior distribution of B,,.

2.4. Convergence rate analysis
This section presents a convergence rate analysis for the posterior distribution of B,. We first start by defining a
few quantities. Let the L,, L., and empirical distance between two tensors B, and Bj, be given by

P1s--sPD 1/p
1By =Byl =| > 1bivion =B _ipal”]|

1By — B, lleo

I
3
o
bl
S

S

=
SN

| & 1/2
1B, = B, ln ZZ<Xi’B”_B;1>2) :

respectively, where B, = ((b;, ... i, n))i{j:::;D yand B, = (b n))f’l ],.’...:;Z 0

It is argued by van der Vaart & Van Zanten [19] that the predictive accuracy of (I)) can readily be assessed by
investigating the rate of convergence with respect to n of the risk

_ZEBOIKL {(fi | Xi, By, f(yi |leBO)}7T(B [ V1> X120

The KL divergence of two normal densities f(y; | X;, B,) and f(y; | X;, BS) with means (X;, B,) and (Xi,BS) and
variance 1 is equal to ((X;, B, — Bg))2 /2. Therefore, the risk reduces to

1< 1
R f KLAFGi | X, Ba), O | X, BOY(Ba | yis Xion) = 5 B f 1By = Bylar(By | yiws Xia). — (3)
i=1

If the above risk is bounded by €2 for some €, — O then by applying Jensen’s inequality one can see that the Bayes
estimator satisfies Epl|[E(By, | y1:n, X1:1) — BOII2 < e . Thus the Bayes estimator converges at the same rate ¢, to the true
tensor coefficient BY. In the rest of the article we focus on obtaining €, for the supervised Bayesian tensor modeling.

One of the key quantities in proving posterior convergence rate results is the concentration of the prior distribution.
The prior concentration can be quantified by &, defined, for each § > 0, by

&) = —In{n(B, : ||1B, = B, < 9)}.

For the posterior to have an “optimal” rate of convergence, one expects the prior to put considerable mass around BY.
Again, B is unknown, and so it is not desirable to have lots of prior mass around a point or a few points. Rather the
prior mass should be spread judiciously, taking into account the wide range of possible BY values. Lemma 1| below
presents an upper bound on the prior concentration of the M-DGDP prior.

Lemma 1. Let C™' = T(Ra){T (@)} F{T (@ +a,D/2)}}{T(Ra+ Ra,D/2)) " exp(=b )b bYF* (b, +a,RD/2)™". Further,
assume that A;, _;, is a positive root of the equations given, foralli; € {1,...,p;}and j€{1,...,D}, by

.....

20 20 20 20 20 20 20
x(x + ”,8252,,,”) ce(x+ ”:BDiD,n”) + ||,31i1,,1IIX(x + ”,821'2,,1”) ce(x+ ”,BDI'D’,,”) +eet x”ﬁz,‘z,n” ce ”’BD—U}H,H” -0=0, 4

and A = min;, i, A, ... in- Then, for R > Ry,

D
@) < {R > p,] {27R)'?/(2A)} — In(C) + R Z In{[(@)/T(a, + p)))

j=1 j=1

D Ry b
+ Zl Zl(a/l + pj) In b/l + Z 5)er)2 + 2A2}1/2 + (R — RO) Zl(a/l + p]) ln(b/l + p]21/2A)
J=br =

Evidently, &(61) < &(9,) for 0 < 65 < 9.



2.5. Analysis of the in-sample predictive accuracy

This section discusses bounds on the in-sample predictive accuracy of (I). Assuming n sample points (y;, X;),
.» (n» X)) with X;’s fixed, Theorem [2| provides the rate at which the posterior of B, converges to the data generating
tensor coefficient B? under the metric (3). The proof of the theorem is given in the Appendix.

Theorem 2. Assume that (i) || Xl < 1; (ii) there exists a constant M such that IIBE)Z n||2 <M, forallij € {l,...,p;},
Jje{l,....,D}, r € {1,...,Ro}; (iii) there exists another constant L such that p; < L for all j € {1,...,D}; (iv)
ay > R(p1 + -+ + pp). Under these assumptions, the in sample predictive accuracy is upper bounded by a quantity

given below
f 1B, — BURA(B, | y1o0s Xi) < AHy /i,

where H,, = o{ln(n)?} and A are constants depending on n,D, L,a,,b,,a., M,R for any d.

By the discussion provided after Eq. (3), it is evident that Theorem [2] proposes a much stronger result than the
mere convergence rate of the posterior mean estimator. In the frequentist literature, it is usually a common practice
to assume a variant of strong convexity such as restricted strong convexity or restricted eigenvalue property [13] to
derive fast convergence rates for sparse estimators. However, Theorem [2] does not require assuming strong convexity
in the design. Similar to ours, the convergence rate result presented in Suzuki [17] also avoids assuming any strong
convexity. However, the strongest point of our analysis remains in deriving convergence rate results for an easily
implementable multiway shrinkage prior for large tensors.

3. Discussion

This article investigates the convergence rate of the posterior distribution for the supervised Bayesian low rank
tensor model proposed in Guhaniyogi et al. [7]. The convergence rate is found to be “near optimal”, is obtained
under very mild conditions and without any assumption of strong convexity. In contrast with the frequentist tensor
regression, our analysis does not assume that the true rank R is known. Most importantly, the bound on the predictive
accuracy is achieved for a novel multiway shrinkage prior distribution that leads to an easily computable posterior.

Several future directions of research emerge from this article. Note that this article assumes an upper bound on
the tensor dimensions. Sometimes it might be of interest to assess the rate of convergence when the dimension of
the tensor grows with the sample size. To this end, one assumes p; as a function of n, say p;,, and investigates the
convergence rate. Similarly, one might also allow ||[>'?, ll2 to vary slowly as a function of n and investigate the change
in the rate of convergence. Another interesting future direction constitutes extending this theoretical set up to a more
general low rank supervised tensor model with Tucker decomposition of the tensor coefficient.

Appendix

Proof of Lemmal(l] First note that forall r € {Ry + 1,...,R},

R
0 — (r) (") 0(r) 0(’)
|bil ~~~~~ ipn ~ bil ..... iD,n| - Zlglil,n ’ DzD n Zﬂlll n DzD,n
r=1

R
— (r) 0(r) (r) (r) 0(r) 0(r)
- Z lt.n ﬂln n)l_lﬂ]tjn “+(ﬂDiD,n_ﬂDiD,n)I—[ﬂji,»,n
r=1 Jj£l Jj#D
po; 20 Po) o) 20 20
B = Bl [ [ 1Bl + -+ + WBipn = Byl [ 1Bl

£l j#D

_ D
Siip(X) = ap, . ipX" + A, i X = Aoy, ip
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and the a;;,.._;,’s are suitably chosen to match the coefficient of x' in . By Cauchy’s bound on the roots of polyno—
mials, Eq. (@) has only one p0s1t1ve root, namely the real A;,_;, that satisfies A;,
i1y...,Ip. From@) the factthatllﬁ,, n—,B | < Aforall i e{l ...,pjjand je{l,...,D} 1mphes

i
Biv..oipn = BY i al < i (D) + 6 < iy iy (D) + 6 =6,
which leads to ||B, — Bl < 6. Hence
(B, : 1B, = Byl < 6) 2 TI(B, : 1B, = B)lleo < 6) 2 T(¥jeqt, oy Yisetr,...pp Bjipn = B ulla < A).

Therefore, it is enough to bound the right-hand side from below. One has

(Y jerr,..o) Yiett,py) Bjisn = B allo < AT}, 7, AW,
D pj B
=11 [exp{ Zw?f’;>2/(2w,r,ij¢rr>} T (1Bji.all < A/21 {0} 7. AW,
j=1 ij=1
T 0(r) \2 o . 2 1/2
>[[]][exp Z(ﬂ,, 02 1@win 0 ¢ [ ]| expl=22/(0wjs H2A) /@RS W )|
J=1 =1 r=1

D pj R
[ [ 1] [[@ay/@rRorow)' " expl a7 + 6 21 @rwses)] ]

=1

.
1l

—_
<
1l

—_
<

(Y jeqt,.op Visettpyy WBjipn = B ol < AT T 400, {20})

R D pj
= []] ] |1@800/®Re0" 21 expl-;: 3 1) +28%)" 9, r)“z]]
r=1 j=1

ij=1

Integrating out the 4;,’s, we then get

ayt+p;
(28)/(Rg, 1) *YIT(an + py)/ bA+Z B0 + 287 (g, r)“”] ]{bjﬂmam’w

r J ij=1
R D .
L(a + p)(@:0) P21z € (0, 1)}
> {2A)/(Rp, D) VP11 T(an)} . -
l;[ 1—1[ “ [bA + X0 1{(3‘/’?;)2 + 2A2}'/2] p

NV jeqt,...0) Vielt,p) WBjign ﬁj, Al <B)
—ar-p;

2A/Q2rR) 2REL P,

D

D R
> [ i@+ ppr@o [ ] ]

J j=1 r=1

Pj

””Z O(r)) +2A2}1/2

jll’l

I\
—_

ij=

This completes the proof of LemmalT] U
Next we prove two lemmas which will be central in proving Theorem [2| In what follows,

Fo =By = (B Bpadl s max [Bjiall2 < M),
ij=l:p;,j=1:D
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Lemma 3. Assume that (g, G, ||| is the minimum number of disjoint balls of radius g under ||-|| norm to completely
cover G, also known as the packing number of G. Then In{Dn'/268, Fy, n 2| -]} < {R(p1+---+pp)} ln{(SDM?/z)/(S}.

Proof. Note that

Piypp (R 2
2 (r) (r) (r)’ (r)
1B, = Byll; = Z Z ('Blil,n . 'ﬁDi,),n _lglil,n . 'ﬁDi,),n)

i],...iD:l r=1
..... R 2
(r) (f) (r) (r) (f) (r)
Z Z (ﬂltln 14 n)l_[ﬂ/t n Dan DlD n)l_[B]ljn
i1,...ip=1] r=1 Jj#1 Jj£ED

.....

§ | | | | 2 2
<D “ﬁlz] n ,31,] ,1”2 “,8/1, n“z -+ ||ﬁ}i,,n||2||ﬁni,),n _ﬂ/DiD,nHZ}
i1,...ip=1 J#1 j£D

,,,,,

< DMP-! Z (i = Brs, ll3 + -+ + Bbins — Bpiyall3)-

11 lD 1
From the above results we get
In{D(n' 6, F, n' || - 1ln)} < In{D(G, F. |l - 1)}
< In{DG/(DMP ), Byso |, (M), [12))

D D
< (R pj)Inli4 + /(DM /(6/(DMP) < (R D pj) Ini(SDMP)/6).
=1 J=1

This completes the proof of Lemma [3] O
Lemma 4. The prior probability of F is bounded above by (RDY“*' 6% M;“*b;“/*{T(a, + a,/2)/T(ay)).
Proof. We have

(FL) = TI{B, = [[Biys -+, Bpadl: - max By all > M)
ij=1:pjn,j=1:D

]

jin

D
2, 2 il > i)

J=lij

Mz:

IA

I

1]
—_

||
—_

-
Dijn

E[MI {Z BY) | > MY /RD) A}, ), T)]

.MU

—_

Jj=

E[exp[—(M,}/*4;,)/{16RD(¢,0)"*}1{ A}, 1.}, 7).

IA

M 1D
M

7 j=1

I
~

The above uses the fact that Zf_ a | LB(.’.) | ~GA(pj, Ajr/ (¢,7)'/?) given A jrs@r, 7, and Lemma 1 in [10]. Further,

Jij.n

D R
7> Elexpl-M,4;,/(16RD($,D) 1140, 19}, 7]

j=1 r=1

D R
D BRI by + (1/(16RD)M, /() 211, ), 7]
j=1 r=1

D R
< Z Z [ba/l/[b) +{1/(16RD)}(M, /T)I/Z]a/{h] < (RD)a/Hlbt/ll/zMs—aa/ZE(TaA/z)

j=1 r=
= (RD)“*' b5 M;“* b7V (T (a, + a1/2)/T(ar)}.

—_
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This completes the proof of Lemma ] (]

Proof of TheoremFor a test function ¢, event A, and set of tensors ¥ (all of them depending on s), we have

E { f 1B, — BYII2TI(B, |y1;n,xlzn)} = E{szeﬁ f sTI(IB, — B, > 4se, |y1:n,xlzn>}
>0

< 3ze§f s(Ag + By + Cs + Dy)ds = 32> + 3263f s(As + By + C, + Dy) ds,
5>0

s>1
where A, = E($,), T, = Pr(AL), C; = E{(1 = ¢) 14 TI(B, € FL | y1.n, X1.0)} and
D, = E{(1 = ¢)1 4 TI(B, € F : |IBy — By > 46,5 | y1:ns X1:n)}-

a) Bounding Ay: For any arbitrary s* > 0, define H;y = {B, € ¥, : js’ < n'?|B, — BY|, < (j+ 1)s’}. Let
Cjy C H,y be the maximum cardinality set such that B,, B, € C;y = n'/?||B, — B,|l, > js'/2. The cardinality of
Cjy is D(js' /2, H;y,n""?| - |I,). Using similar arguments as in [17, 19], there exists a test function ¢;, such that

Epo()5) < 9exp(—s/8),
sup Ep, (1 —¢,,) < D(s /2, Fo, || - Il,) exp(— /257 /8).

By€H; 02| B,~ Bl 25’

Construct ¢, = max»; ¢, and take s’ = 4n'%¢,s. Then the above equations lead to
Ep(¢s) < 9exp(—2ne, s%), )
sup  Ep (1-¢,) <DQ2n'e,s,Fy.n'|| - Il,) exp(-25°ne;). (6)

1B, =Byl 24€,s

b) Bounding T: From the proof of [19], there exists an event A such that
P C 22
ng(&’lX) < exp(—ne, s°/8), @)

and on the event Ay, the following inequality holds:

f {fO1n | B/ 1 | BOMI(B,) > exp(—ney sHI(B,, : 1B, — Bolly < €,5). ®)

¢) Bounding C;: Note that for any event B on Aj,

(B | yi) = { fB FO1a I B fOra | BS)H(Bn>} / { f FOn | B/ fOra | BS)H(B,I)}
< explne,s” + E(&,9)) fg SOt | B/ fGrn | BOII(B,),
which follows from (). Thus
Cy = Ego {(INFL | vl (1 = )}
< exp neys” + E(€s)) f f FOra | B)(1 = ¢)TI(B,)
7:0 R~

< exp (neys” + E@IFY) < exp {neps” + E(e,s))(RDY™ ' b B /)M



d) Bounding Dj:

Dy = Eg {(1 = ¢ )14 TI(B, € 7 : |B, = Blll, > 4€u5 | 1))

< exp{ne;s” + E(es)) Z f f (1= ¢)f (10 | BOTI(B,)
=1 " JBeH
< explne,s” + E(6,5)}DQ2n' 6,5, Fyon'?|| - ||,) exp(-25°ney),

where the last line follows from (6).
Choose M, = exp(nce; 252), where 2/{R(p1 + -+ pp)} = c > 2/a,. Then

f sAgds < f sexp(—Znefsz)ds = f exp(—2ne,%s)ds < l/(2ne§). ©)]
s>1 s>1 s>1
Similarly, from
f sTds < f sPrgo(AC)ds < 8/(ned). (10)
s>1 s>1

Furthermore, one has
f sCyds < f sexp(ne, s* + E(&,5)}(RD) ' by E(r/ )M/
s>1 s>1

= f sexp{—ne;s*(aic/2 — DYRD)“ b4 T(a, + a,) exp{E(se) b T (ar)} ™!
s>1

D
= {5D/(2n' )\ 2 PiCT AR P2 [ [{Tan) Ty + p )it
j=1

b+ Z B + 20712

artp;

(RD)a}+1

D Ry
REL 1Pj
st>l s{1/(2A)RE P ]_”_[

j=1 r=1

D
x b7 [ ] (ba+22psa) "™ explone Paie/2 - DidsiTar + ap/Tan)
j=1
D D b
< (5D/(2n' )} En PiC @aR) 2R P2 [ (D) Tar + pj))f
j=1

1/2
X fs{l/(ZA)}ZRZ?ﬂ”f exp{—ne&sz(a/lc/Z— 1)}ds] bj*b;‘“(RD)‘““

f 1_[ l_l[b + Z O(r)) + 2A2 1/2 2at2p; 12[ by + 21/2 Z(a/l+Pf)(R—R0)
j=1

j=1 r=1 ij=1

12
x exp{-ne, s*(ac/2 — 1)}d ] {l(a; + ay))/T(ar)}. (11)

Using the Cauchy bound on A and Lagrange bound on 1/A, one obtains

A<l+es+DM+1P, 1/A<1+DM+1)P +¢,s.
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Next,

2a,+2p;

D Ry D
— 0() 2 241/2 1/2 2(a+p;j)(R-R
_fsl_lll_l[ b/1+z )+ 207! r][(bpuz/p,m (@rtp(R=Ro)
j=1 r= ij=1 Jj=

X exp{-ne, 52(agc/2 - 1D}ds

< f sexp{—ne>s*(aic/2 — D}by + 22 LM + 1 + DM + 1)P + €,5)}* @ DR g g
s>1

RO D RD(ay + L) T2 + 1)
=0 t {neX(a,c/2 — 1)}/2+1

=T{2RD(a; + L)}/{ne>(aic/2 — D}[by + 2'2LM + 2" L/{n(a,c/2 — 1)}!/2]PRP@+D)

)(b/l + 21/ZLM)ZRD(LM+L)—f(21/2LEn)€

where M = M + 1 + D(M + 1)P. Furthermore,
C, = f s{l/(2A)}2R2[f)=l Pi exp{—ne,zlsz(agc/Z - 1)}ds
s>1
< f s{1/QAWRIZ P expl—nelsi(ayc/2 — 1)}ds
(M+1)P<e,
+ f s{1/QARIZ P expl—nels*(a /2 — 1)}ds
D(M+1)P /e,>s>1
Observe that D(M + 1) < ¢,s implies A > 1. Hence
f s{1/Q2A)RE Pi expl—ne2s(ayc/2 — Dids < 1/{neX(ae/2 — 1))
D(M+1)P<e,
On the other hand,
f s {1/QAWREE P expl-ne2s*(ac/2 — 1))dss
D(M+1)P [e,>s>1

< f s{1+ DM + 1)° + €,52FZ0%1 2 expl—ne2 s2(aye/2 — 1)}ds
(M+1)P /e,>5>1

2RZ;):1 Dj

_ 2RY7 pj) DYRSD, pety o T2+ 1)
- ; ( / {1+D(M + 1)7} Pi=%(g,) @)z = D

D

x f sCds < {5D/(2n' )25 i rRYF R P2 [ [(D(@n)/Tas + p )t
j=1
T{2RD(a, + L)}'/? 212

X by bY

by +2Y2LM +
T U4 ne2(cay/2 — D2 |

}RD(a/lJrL)

{n(ca, /2 — H}1/?

FQRY, p)) }”2
}

1
X {1+ DM + 1)P + n PRI P
{nex(ca /2 - 1)

nex(ca, /2 — 1)
X (RD)“*"[(a; + ay)/T(ar)}.
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Using similar calculations and by invoking Lemma 2, we get

stsds < fsexp{neﬁs2 + S(Ens)}Z)(an/zens,ﬁ,nl/zll ) exp(—2s2n6,%)
D D D D
< 5D/ ) E 1 xRy F 2 [ (D@ Ty + pp (D) E P

Jj=1
12

D
s{1/QA)REA P exp{ - nels*(1 - ¢DR Z p;/2)}ds

J=1

D
2a,+2p; MR-
b/l + Z O(r))z +2A2 1/2 ATEP) | |(b,1 +21/2ij)2(a/l+P/)(R Ro)
J=1 r=1 j=1

1/2
X exp{ - ne,%sz(l - cDR Z pj/Z)}ds]
j=1
D D b D
< {5D/(2n' ) R i C rR)* A P2 [ M@ /T(an + p)F(SDY P2 P
J=1

T{2RD(a, + L)}
X [{

al2f ]ZRD(apLL)]l/Z
neX(1 = cDR 3., pj/2)}

[bﬂ +212 00 + >
{n(1 = cDR Y2, pi/2)}/?

1
x[ 5 +{1+ DM + 1)P + nV2)2RE2 p)
nex(1 — cRD Y, pj/2)

FQRY2, p)) }‘/2
{ne2(1 - cDREP py/}]

Choosing €, = n 12, we get fsAsds <1/2, fsTde < 8. Furthermore,

D
f sCids < (SD/2)™ P QuR)*EA P2 [ (D@ Dias + pp)
J=1
x T(a; + a)b;“T(a;) 'T{2RD(a; + L)}'*{(car/2 — DY *(RD)“ b}
X [by + 2 2LM + 2 L{n(ca, /2 — 1)}RP@+D
x [(car/2 = 1712 + {1+ DM + )P + n™!2PREE P

D
x T(2R Z pj)ltca/2 ~ 1)}]”2

J=1
=C,

12

12)



and
D D b
stsds < (5D/2y " ZR T @aR) i [ [T Tay + p it

j=1
D

X T(2RD(a, + L)' 2{(1 = cDR Y p;/2)| " (5DYPE 7
=1

RD(a,+L)
-1/2
X

D
b+ 2L +2'2L{n(1 - cDR Z p;/2)}
=1

D
-1
x[(1=cRD Y pj/2) " + {1+ DM + 1)P 4 p~ V2R 2L
=1

D D
1/2
T(2R )" pj)i{1 = cDR D p;/2]]
=1 =1
=D,.
This concludes the proof of Theorem 2] O
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