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Abstract

An approximate steepest descent strategy converging, in families of regular exponential densities,
to maximum likelihood estimates of density functions is described. These density estimates are

also obtained by an application of the principle of minimum relative entropy subject to empirical
constraints. We prove tight bounds on the increase of the log-likelihood at each iteration of our
strategy for families of exponential densities whose log-densities are spanned by a set of bounded

basis functions.
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1 Introduction

Consider the following problem: Given a random sample zq,..., 2, drawn independently from
a distribution P with density p, find the maximum likelihood estimate in a family of regular
exponential densities. This problem of density estimation is also known as minimization of
relative entropy (Kullback-Leibler divergence) subject to empirical constraints (see e.g. [Kul59,
Csi75]). In this work we describe an approximate steepest descent strategy! converging to the
MLE in exponential families of densities whose log-densities are linear combinations of a set
of bounded basis functions. We show tight lower and upper bounds on the increase of the
log-likelihood function (or, equivalently, decrease of the relative entropy) at each iteration, as a
function of the norm of the gradient.

Let (X, B) be a measurable space. In the following, all densities on (X, B) are understood
with respect to a finite dominating measure v. We recall the definition of the relative entropy
(Kullback-Leibler divergence) D(p||p’) between two densities p and p’ on (X, B):

D@WU:Apmﬁ.

p/
Choose a positive integer d and let ® = {¢1, d2,..., 04} be a se of bounded basis functions

o1 : X — IR. Fix also a reference density ¢° on (X, B).
We will use the notation € - ¢(z) for the inner product 3", Oxdr(2).

We now define the regular exponential family £(®) = {qg NS IRd} of densities gg(z) =
¢°(x) exp(8 - p(x) — 1(h)), where the function ¢ from R to IR is defined by

w(0) = m/ PH 0. (1)
X
For any density p and for any 8 € IR, define a(p) = (a1(p),...,aq(p)) by
ap(p) =B, [¢x]  fork=1,...,d
and a(8) = (a1(0),...,aq(0)) by
arp(8) = E,, [0k] fork=1,...,d.

If ® is a set of linearly independent functions?, it is known that 1 is strictly convex (see e.g.
[Bro86]). As a consequence, also D(pl|qg) is strictly convex in 6, which is seen from

Do) = By fin ;—9] ~ H(p)
= —E,[0-6-v(0)]-E, [In¢’| - H(p)
= %(0) - a(p) -0+ D(p|¢°) — H(p) (2)

where H(p) is the entropy E, [—Inp]. Hence, if @ is linearly independent and there exists a
¢* € IR? minimizing D(p||qg), then 6* is unique. Moreover, V.D(p||gs) = 0 if and only if 8’ = 6*.

!The strategy was originally introduced in [LLW91] as an iterative method for the solution of sparse systems
of linear equations.
®By linear independence of the set of functions we mean that if (6 — 8') - ¢(x) is constant almost everywhere,

then 6§ = 6'.



Finally, observe that for any density p and any vector € IR?

VD(pllgs) = a(8) — a(p) (3)

as it can be derived from (1) and (2).

2 Description of the strategy

We now introduce the iterative likelihood maximization strategy. Let || - || be the Euclidean
norm. We assume that the strategy is parametrized with respect to the choice of the set of basis
functions ®. In order to simplify the analysis, we also restrict the range of each basis function
¢r (k=1,...,d)in the interval [ —\/1/4d,+/1/4d]. This ensures that for any density p and for
any 7 € X, ||é(x) — a(p)]] € [0,1].

On each run, the strategy is given as input a reference density ¢ and a random sample
Z1,...,&m, independently drawn from a distribution P with density p(z). The output consists

in a infinite sequence ¢!, ¢?, ... of densities in £(®).
Let of = (af,...,af) such that

af = E, ¢ [¢4] fork=1,...,d

and & = (&q,...,04) such that
fe= L3 Gu(e)  fork=1,....d
ak_miﬂ (i ork=1,....d.

The sequence of densities ¢ is such that for each t > 1 and for each z € X

¢+l(z) = q0($)e(€t+A€t).¢(x)—¢(€t+A€t) (4)
where 6" is the parameter vector after the ¢-th iteration (assuming #° = 0), and Af' = '+ — ¢
is defined by

gt Tt = o)

(6 - a'). (5)

la — o]

It is easily seen that for all ¢ > 1, ¢' is in the exponential family £(®).

In the next section we show that the increment (5) corresponds to exact steepest descent
with respect to an approximation of the Kullback-Leibler divergence along the direction of the
gradient.

3 Analysis

In this section we prove bounds of the increase of the log-likelihood at each iteration. The
log-likelihood function for the family £(®) is

()

—In ﬁ qe(x;)
m (0 - & —1(0)). (6)



Hence, for a set ® of linearly independent basis functions, the maximum likelihood estimate ¢;

in the family £(®) is characterized by the unique 0 ¢ R? satisfying the equation
a(f) = a. (7)

Conditions guaranteeing the existence of the MLE in exponential families can be found in [BS90,
Cra76].

Using equations (2), (6) and (7), we can rewrite the Kullback-Leibler divergence as D(qyl|qs) =
0-a—1p(0)—L£(0)/m. Therefore, the problem of maximizing the log-likelihood function is equiv-
alent to the problem of minimizing D(q;||qe ).

Note also that equation (3) yields V.D(q;|/qs) = () — a.
We will make use of the following two inequalities.
For all k € R and z € [-1,1]
e < cosh(k) + x sinh(k). (8)
For all z € [-1,1]

1
ztanh™!(z) < In [ (9)

The first inequality can be proven by applying Jensen’s inequality. The second inequality is
proven in the Appendix.

We now prove that the increase of the log-likelihood D(g4l|q") — D(g;]|¢"™") at each iteration
is upper and lower bounded within a small constant factor by a monotone increasing function

of [|VD(gzllge)ll-

Theorem 1 For allt € IN,

1 1 1
—IVD(g:llgDH|]? < =1In 10
N B\ PA O 1o
< D(gllg") — Digglla"™) (11)
< [IVD(gglla")[ tanh ™ (IV D(gzlla")[]) (12)
1
< In . (13)
1= [[VD(g4llg")[]?

Proof. Inequality (10) is easily derived from Taylor’s Theorem. For proving inequality (11) we
follow [LLW91]: Let S C X be the finite support of the empirical measure on X induced by the
sample z1,..., 2. Observe that because of the normalization of the ¢;’s, both ||¢(z) — é&|| and
|a(8) — @|| lie in [0, 1] for all # € X and 8 € IRY. Rewrite equation (4) as

41 ) €A€t'¢(1’)
() = ) (14
t+1
where
t
Zua = [ 70 (15)

Using equations (5), (14), (15) and inequality (8) we can show

D(gilld") — Digglld™h) = D (A ¢(2))p(z) — In Zip
€S



_ Aef-d—ln/ exp [A0"- 6] ¢’
X

= —ln/X exp [AOt (¢ — d)] q (16)

a0
Nz R

v

—1In [cosh(HAHtH) + sinh (|| A0

Let G = [[VD(gllq")|]| = o' — @&. Replacing A#* with the right-hand side of equation (5) and
using the standard formula
1+ 2z

1—=2

tanh™!(z) = In

(18)

after some algebra we obtain

1 1+ G 1-G G 1+ G 1-G
R Tt > 1 |2 _ _
Digslle") = D(ggllg™) = —In [2 (¢1—G+¢1+G) 2 (¢1—G ¢1-|—G)

o1,
Bk

This proves inequality (11).
Inequality (12) is proven using equation (16), Jensen’s inequality and equation (5):

Digilla') - Digglla™) = ~1n [ exp [26%- (- a0 ¢
< - [ A8 (o-ay
X
= A -(a-ah)
= Gtanh™(G).
Finally, inequality (13) is obtained by applying inequality (9). O

The choice of A" exactly maximizes (17). To see this, note that this term is maximized when
AB' = —n(at — &) = =V D(qg;|q") for some choice of 7 > 0. To find 5, we differentiate

% [cosh(nG) -G sinh(nG)]

= G'sinh(nG) — G* cosh(nG).
Setting the derivative equal to 0 and solving with respect to n yields
_ tanh™N(@)
B G

from which the optimal increment (5) is derived.

We conclude the section by showing a couple of applications of Theorem 1 for obtaining lower
bounds on the speed of convergence of the strategy.



Corollary 1

D(q4llg0)?
D(ggllag) = D(ggllgaess) > —=r
2(|6]]
fort=1,2,...
Proof. From inequalities 10 of Theorem 1 we obtain
V2AD(gglla) = Digglla™1)) = 11V D(ggllage )|
which holds for any ¢ = 1,2,.... Also, because of the convexity of D(q;||qs),
1D(ggllaa )l < [IVD(ggllee )I1[]0 — 6] (19)
< [IVD(ggllgse)ll116]]-

A simple combination of the above inequalites then yields the corollary. a

For the second result we need a preliminary lemma.

Lemma 1 ([BS90]) Assume ® is an orthonormal basis with respect to a density q whose log-
density ln ¢ is bounded. Let A be such that for all € IR?

110 gslloo < AllTngal| L, (q)- (20)

Choose 6,0 € RE. If |0 — 0| < r, then

1 q
Daslan) > 5116 =8 exp (—1n L. — 21 - 91
O
We are now ready to prove a second recurrence which holds in a region close to the optimum.

Theorem 2 Let ® be orthogonal with respect a log-bounded density ¢ and such that inequality
(20) is satisfied for some constant A < co. Then there are positive constants a and b such that
for all 8 € IRY, if ||6" — 8|| < r, then the following recurrence holds for all t = 1,2,. ..

D(%Hf]et)

D(ggllger) — Diggllag+) > —5

Proof. The theorem is proven by considering the following chain of inequalities.

V2(D(g5lla00) — Diggllass1)) > 1V D(ggll")]
D(g4ll4")
T 1e—e

D(g;llq")

W/ Pggllgt)aetr

The first inequality is again a consequence of Theorem 1, the second is an application of in-
equality 19 in Corollary 1, and the third is derived from Lemma 1. This concludes the proof.
O

v



4 Conclusions

In this paper we have described a strategy for likelihood maximization (relative entropy mini-
mization) in families of exponential densities, assuming that the log-densities are spanned by a
set of bounded basis functions. Our strategy is shown to perform steepest descent on an approx-
imation of the relative entropy function. Upper and lower bounds on the decrease of the relative
entropy at each iteration have bee proven. Our bounds are expressed in terms of a function of
the norm of the gradient and are tight within a constant factor of % Bounds on the speed of
convergence of our strategy have been also shown.
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Appendix
Proof of inequality (9). Using the equivalence (18) we show that the function

flz) = gln (1 i_ i) +In(1 — 2?)

is non-positive in the interval [—1, 1]. Observe that

, 1 (1—|—x) x
- -1 _
F@) 2 M\ 1) 1= a2

x
— tanh™! -
anh™ (z) [ .2

A root of f"is 0. Also note that f(0) = 0. Since the second derivative

B 22

fa) = =y

is 0 at * = 0 and negative elsewhere, # = 0 is the only extremum of f’ and it is a maximum.

This completes the proof of the lemma.
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