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Abstract:

Modern climate system models make use of numer-
ous parameters to control their behavior. By match-
ing model outputs with observed data we can per-
form inference over such parameters. Our work ex-
tends previous related analyses through the appli-
cation of model interpolation, Markov-chain Monte
Carlo simulation and model selection. The analy-
sis is focused on three input parameters: climate
sensitivity, rate of deep ocean heat uptake, and net
aerosol forcing. Climate model output was sampled
on a non-uniform grid over the 3D parameter space.
We interpolate the climate model output over the
empty regions of these grids, providing an approxi-
mation to the continuous climate model response for
use in a likelihood function. The covariance matrix
that is required by the likelihood is estimated from
general circulation model output. Several model se-
lection criteria are applied to estimate the number of
non zero eigenvalues of such matrix. We find signifi-
cant posterior uncertainty in all three climate model
properties. Posterior parameter distributions differ
according to the choice of climate model, likelihood
and covariance estimate.

1. Introduction

Recently, the climate change research community
summarized some of the key unanswered questions
that complicate predictions of future global climate
(Watson and the Core Writing Team, 2001). Four
of the identified uncertainties include: (i) Climate
sensitivity, as measured by the temperature change
under a specified forcing; (ii) Climate forcings due to
natural effects and anthropogenic aerosols; (iii) Mag-
nitude and character of natural climate variability;
(iv) Spatiotemporal patterns of change in climate
variables. An honest assessment of such uncertain
climate properties is key to the support of any sci-
entific statement about the current state of Earth’s
climate, and to the construction of forward-looking
projections that may be used in policy decisions.
Computer climate models contain parameteriza-
tions that allow for the exploration of climate sys-
tem properties. Usually, for 3D models, climate sys-
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tem properties are adjusted by modifying multiple
parameters or parameterizations. In the 2D mod-
els, like the one that is considered in this paper,
climate system properties are controlled via single
parameters. Climate sensitivity, defined as the equi-
librium global mean temperature response to a dou-
bling of CO2 and denoted as S, has been singled out
as a critical parameter with extensive uncertainty.
Another important uncertain parameter is the deep
ocean temperature diffusion rate, controlled by vary-
ing a diffusion coefficient: KC,. A third parameter to
be considered is the net anthropogenic aerosol and
unmodeled forcings, written here as Fyer.

The MIT 2D climate model provides simulations
of ocean, surface and upper atmosphere behavior. It
operates on latitude zonal bands as small as 4° lat-
itude. Despite the averaging away of longitude, the
model is sufficiently complex to match longitudinally
averaged observations of the climate and to make
similar predictions to those of full 3D atmosphere-
ocean general circulation models (GCM) (Sokolov
and Stone, 1998).

Forest et al. (2000, 2001, 2002, 2005) run the MIT
2D climate model for many choices of the uncertain
parameters S, K, and F,.,, selected systematically
on a non-uniform grid. They compare the climate
model response with the observed climate record us-
ing several “diagnostics”. These are quadratic forms
measuring the difference between the model response
and the climate record. They depend on appropri-
ate covariance matrices. Three diagnostics are con-
sidered. They are based on deep ocean tempera-
ture trend (Levitus et al., 2000), surface tempera-
ture time series (Jones et al., 1999) and upper air
temperature anomalies (Parker et al., 1997). The
present paper builds on these analyses.

We interpolate the climate model outputs over the
unsampled regions of the input parameter grid. The
interpolator provides a continuous approximation to
the climate model response for use in a likelihood
function, but also adds an additional source of error.
Markov Chain Monte Carlo (MCMC) simulation is
used with the interpolated model to explore the pos-
terior distribution of the parameters given the data.
The samples from the posterior distribution allow
data-based inference about S, K, and F,e, as mod-



eled by the MIT 2D climate model. This approach
is in line with the one proposed in O’Hagan et al.
(1999); Kennedy and O’Hagan (2001).

We estimate the covariance among the elements of
each of the multivariate diagnostics from “unforced”
model control runs. These runs represent the be-
havior of a climate model in a dynamic equilibrium,
spatiotemporal patterns of diagnostic change, vari-
ance due to observation error, natural climate model
variability and interpolator error. The control run
length is insufficient to properly estimate all of the
covariance matrix entries, so, following an approach
similar to that of optimal fingerprinting (Allen and
Tett, 1999), we select a subset of eigenvalues and
orthogonal components. We tackle the problem of
selecting the significant eigenvalues using model se-
lection criteria.

2. Methods
2.1 Model diagnostic distributions
Both the observations and model outputs were con-
structed using extensive weighted averaging of vari-
ables. Let 8 = (S, Ky, Faer)T, T(6) be the p-variate
climate model output for the chosen diagnostic, and
Tops be the observed value of the p-variate diagnos-
tic. Averaging over system variability is expected to
produce a normal error distribution around the ac-
tual underlying state of the climate system. For the
multivariate diagnostics (surface and upper air), the
normal errors are expected to be correlated accord-
ing to some spatiotemporal dependency structure.
We denote it as X.

Given 6 and X, we expect that the observations
and the model outputs vary normally:

Tons — T(8)16, S ~ N (0, 25) (1)

where \V,, denotes the multivariate normal distribu-
tion on R?. For the deep ocean temperature trend
p = 1, for the surface temperature p = 20 (4x5), and
for the upper air temperatures p = 218 (36 x 8 — 70
missing observations). We then have that

(Tops — T(a))T zt (Tops — T(9)) |279 ~ QXi (2)

where Xf} is the chi-square distribution with p de-
grees of freedom.

For each of the observation-based diagnostics, we
have only a single data point. So, we can not perform
effective inference on the components of ¥, which
contains p(p + 1)/2 unknowns using only the obser-
vational data. Instead, we construct a point esti-
mate, Cy from a long control run of a GCM which
is assumed to reflect the unforced natural variability
(Section 2.4). Tt is customary in climate analysis to

retain only the eigenvalues that provide substantial
information about the spatio-temporal signal in the
data. We write Cn (k) to mean the point estimate
of ¥ with rank k.

The analysis in Forest et al. (2002) is based on the
assumption that:

(Tobs - TO)TCN(H)_I(Tobs - TO) ~ Fﬂ,V*Iﬁ (3)

where v is the number of independent samples from
the control run used to estimate ¥. We consid-
ered this likelihood in our analysis, although to our
knowledge, Equation (3) is only valid asymptotically
in v.

We present some results for both the likelihood in
(1) and (3). Results for (2) are not shown here, as
they are very similar to those of the normal likeli-
hood (1). In the normal and x? cases we assume
that X is known and equal to Cx (k) and, for the
likelihood in (2), adjust the degrees of freedom ac-
cordingly. For each value of k we have a different
model for the same data, so the determination of
the most likely value of k can be treated as a model
comparison problem.

2.2 Interpolation of model outputs

Despite the acceleration provided by the MIT 2D cli-
mate model simplifications, a full model run given a
specific set of values for S, K, and F,., takes sev-
eral hours of CPU on a standard workstation. Since
using a MCMC method requires thousands of eval-
uations of T'(#), direct evaluation of the likelihood
has not been feasible.

Forest et al. (2002) evaluated T'(6) using the MIT
2D climate model at a number of points on a non-
uniform grid over the range of values for S, I, and
Faer- We estimate T'(0) for values of 6 between those
grid values with an interpolator, say, 7'(8). We use
a thin-plate spline (TPS) (Wahba, 1990) over the
sampled 6, after scaling to [0,1] in each dimension.

A TPS uses all available input samples, weighting
each datum according to the basis function (Wahba,
1990; Kent and Mardia, 1994). The weighting is
calculated in a manner that balances the smooth-
ness of the response function with the error between
the interpolated response and the available sam-
ples. A smoothing parameter, say, A\;,i = 1,...,p,
is required for each dimension of the response. We
choose these parameters to minimize the generalized
cross-validation errors. If \; = 0,Vi, then the in-
terpolated response function goes exactly through
the sample responses, but may “overshoot” the true
function between samples. As A — oo, the interpo-
lated response tends toward the least-squares mul-



tivariate regression of the response with respect to
the parameters.

We assume that the interpolation is an unbiased
estimator of the response T'(). We then have that
the likelihood in (1) can be modified to

Tops — T(a) ~ N(O, 2Y + Yinterp (9))

Tinterp(f) is obtained by noticing that the interpo-
lator the interpolation is a weighted linear combi-
nation of the model outputs. Thus the error is an
expansion of the underlying covariance ¥ coupled
with an estimate of the uncertainty in the choice of
smoothing.

2.3 Prior distributions for the parameters
All climate models have built-in range restrictions
for their input parameters. Physical constraints
and understanding of the Earth’s atmospheric and
oceanic composition impose additional limitations
on what values the parameters might take. Prior
attempts to fit climate model outputs to data or to
match other climate models further hint at “good”
values for the parameters. We compute posterior
distributions for the parameters using two different
priors: a uniform prior over the range of parameter
values for which we have computed model outputs
(to avoid extrapolation), and a set of more informa-
tive scaled beta distributions developed in Webster
and Sokolov (2000). The expert prior can have a
very strong influence on the results. For example,
Forest et al. (2002) found that K, was not well con-
strained by the data. High values of X, were likely,
but have physical implications that are not realistic.
This can be accounted for by the prior. Neverthe-
less, in this paper we only report posteriors arising
from the uniform priors.

2.4 Estimation of the covariance
In order to estimate the covariance matrix for the
diagnostics we considered vectors extracted from
a long global climate model control run (GFDL
model). We were able to obtain 28 such consecutive
vectors of size 36 x 8 for the upper air diagnostic and
95 overlapping vectors of size 4 x 5 for the surface
temperatures. These limited data sets produce esti-
mates Cy that are ill-conditioned. We use singular
value decomposition of C'x to obtain its generalized
inverse . We write the decomposition: Cy = QAQT,
where @) is an orthogonal matrix, A is diagonal and
Ay > Aj;,9 > j. Each eigenvalue, Ay, estimates
the control run variance under projection onto the
corresponding eigenvector @.;.

A;; is a biased estimate of the corresponding eigen-
value of ¥ (Muirhead, 1982). The largest eigenvalues

are inflated and the smallest are deflated. Our con-
trol runs do not contain enough independent sam-
ples to overcome such biases. Even if we did have
access to sufficiently-long control runs to ignore the
bias, climate modelers assume that the small eigen-
values represent low variance noise components. Un-
fortunately, the low variance in the covariance esti-
mate implies that we know those components to high
precision, an artifact of under-representing our un-
certainty in the covariance structure. As a result,
the smallest eigenvalues have the largest effect on
the likelihood. Fitting these noise components blurs
the climate change signal that we are trying to de-
tect. To eliminate the noise, we zero out the smallest
eigenvalues.

Let k be the number of non-zero eigenvalues, then
On(k)™' = QA~*QT where Aj;' = 1/A4;,i < k and
At = 0,i > k. This generalized inverse is used in
the computation of the likelihood in (3). It is also
used in Egs. (1) and (2) as a “plug in” estimate of
Y1, The likelihood decreases monotonically with
increasing k, as high values of k include components
that show unrealistically low variance in the control
samples (Allen and Tett, 1999).

Figure 1 shows some common methods for select-
ing the number of usable eigenvalues for the sur-
face diagnostic control run. (Mardia et al., 1979).
Note that Kaiser’s rule selects smaller values of
than a criterion that attempts to maintain a propor-
tion of the total variance. Visual analysis of such a
screeplot is typically more complex. One might at-
tempt to find the value of k after which the graph
“flattens out.” For the surface diagnostic, choosing
either k < 13 or k < 17 might satisfy this criterion.

We consider several methods to find an appropri-
ate rank. Traditional model selection criteria, like
the Akaike Information Criterion (Akaike, 1973) and
Schwartz’ Bayesian Information Criterion (Schwarz,
1978), break down for this problem, as the maxi-
mum likelihood is a monotonically-decreasing func-
tion of the rank. The model size penalty further
exacerbates this effect. According to these crite-
ria, the model with one diagnostic dimension is the
best model. The break-down is likely caused be-
cause these criteria have established meaning only in
the limiting case of many independent data points,
which are not available for this application.

3. Results

Model output came from two different configura-
tions of the MIT 2D climate model. We denote
the two sets of output GSO and GSOLSV. GSO
refers to a model that included changes in concen-
trations of greenhouse gases, sulfate aerosols, and
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Figure 1: Screeplot of the surface diagnostic covariance
eigenvalues with two selection criteria annotated. Frac-
tions above each point ¢ are the proportion of the total
variance represented by considering all eigenvalues up to
k = 1. Kaiser’s rule consists of comparing the eigenvalues
against the mean.

ozone. GSOLSV added to the former, changes in
land-use vegetation, solar irradiance, and strato-
spheric aerosols resulting from volcanic eruptions
(Forest et al., 2005). The GSO model was interpo-
lated from 306 runs on a bounded non-uniform pa-
rameter space grid. The GSOLSV model was inter-
polated from 499 points in a slightly-larger param-
eter space. We report primarily GSOLSV results,
as the GSO results are similar to those published in
Forest et al. (2002).

Reported results were produced from MCMC
traces of 100,000 samples. In all cases, only the lat-
ter half of the samples were kept, to avoid startup bi-
ases. Proposed parameter samples were drawn from
normal proposal distributions truncated by the uni-
form prior bounds. Mixing, as measured qualita-
tively by visualization of the traces, was good. We
considered all three likelihoods using a covariance
matrix that accounted for the interpolation error.

Reporting results is complicated by the lack of a
clear choice for k, the number of orthogonal com-
ponents kept in the error covariance. As mentioned
above, AIC and BIC suggest maintaining only the
first principal component. The Deviance Informa-
tion Criterion (Spiegelhalter et al., 2002), computed
from the sampled posterior, produced similar re-
sults. Chib and Jeliazhov (2001) provide a way
to estimate the probabilities of the data given the
model that should not depend directly on the quan-
tity of available data. These “marginal likelihoods”
provide support only for low values of k. Only the
posterior-predictive loss-based criterion proposed in
Gelfand and Ghosh (1998) supported a choice of
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Figure 2: Model selection criteria calculated for & given
the surface diagnostic, the GSOLSV model, and the F
likelihood. Note that most of the criteria are monotoni-
cally decreasing, as is the maximum likelihood.

k > 1. The behavior of each criterion (after rescal-
ing for comparability) can be seen in Figure 2 (using
the GSOLSV model, surface diagnostic and F likeli-
hood). Under the normal and chi-square likelihoods,
all criteria (including the posterior-predictive loss)
decreased monotonically.

In some cases, posteriors obtained using only the
first error component (k = 1) were poorly con-
strained, yielding posterior credible intervals that
nearly covered the entire allowable parameter space
(Figure 3, surface diagnostic with k = 1). Such
posteriors would not yield valuable insight into cli-
mate sensitivity, deep ocean heat uptake or aerosol
forcing. Those constructed using more components
(Figure 3, surface, upper air and joint diagnostics
with k = 16) were more constrained and more in
line with previously-published results, but justifica-
tion of such choices of « is difficult. Uncertainty in
K is not represented in these posterior results.

Figure 4 shows marginal posteriors of the param-
eters conditional on a range of x choices. For all of
these marginals, the posterior narrows with increas-
ing k. Note that in some cases, including additional
error components has little effect on the posterior
(climate sensitivity and rate of deep ocean heat up-
take with the surface diagnostic). In other cases,
there is a noticeable shift once a certain number
of components are included, suggesting one of the
low-variance components has a significant impact on
the posterior (climate sensitivity and aerosol forcing
with the upper air diagnostic).

4. Discussion

We have performed a careful analysis of the prob-
lem of estimating S , K, and Fge, using the MIT
2D climate model. We obtained posterior distribu-
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Figure 4: Marginal posterior densities of S, I, and F,., as a function of k. Note that the marginal posteriors
tend to be stable over ranges of x, and then change shape when the number of included components crosses
some threshold. Samples were taken with from the MCMC using the specified diagnostic (surface, upper

air), GSOLSV model and normal likelihood.

tions for all three climate parameters using three
different likelihoods, three different diagnostics and
considering different priors. Our methods account
for the error introduced by a TPS interpolator. We
consider the estimation of the number of significant
eigenvalues using an array of model selection crite-
ria.

Observation error, while available for some of the
measurements, was not accounted for in the likeli-
hood (except in the case of uncertainty in the deep
ocean temperature trend coefficient). Serious issues
with data quality make modeling this important.
The interdependency between diagnostics was not
modeled. Assuming the diagnostics are independent
does not correctly weight their relative importance.

The choice of interpolator is not automatic. Other
interpolation processes with more explicit error
models may provide better approximations to the
climate model outputs.

Many asymptotic and Monte Carlo integration-
based criteria failed to automatically select a non-
trivial subset of these eigenvalues (k). This may
imply that only the first few components should be
used, as the higher components represent only low-

variance noise. A better assessment of the signifi-
cance of the eigenvalues requires the incorporation
of the uncertainty in the covariance. A Bayesian ap-
proach with explicit structural assumptions will be
needed. All these issues are currently being consid-
ered by the authors.
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